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Comments on My Three Theses

Chen Ning Yang

Professors B.F. Zhu and R. Dong proposed to publish the 3 theses which I wrote in
the 1940s. Each of the three was very important for my later research work, important
in very different ways. So I thought detailing their respective influence on me may be
useful for graduate students at the beginning of their careers.

1942 thesis for my BSc degree

At the Southwestern Associated Uni-

With Professor Wu, 1982 in StonyBrook.

versity where I matriculated, 1938 to 1942,
students were required to submit a thesis
for their BSc degree. I had taken a course
in quantum theory from Professor T. Y.
Wu (吴大猷). So I went to him asking him
to be my supervisor. What then happened
I had described, as follows1:

he gave me a copy of an article
by J. E. Rosenthal and G. M. Murphy
in the 1936 volume of Reviews of Modern Physics. It was a review paper on
group theory and molecular spectra. I was thus introduced to group theory in
physics. In retrospect I am deeply grateful to Wu for this introduction, since
it had a profound effect on my subsequent development as a physicist.

The importance to me of this early introduction to group theory’s role in physics
cannot be overemphasized. And I was deeply aware of this already in the early 1950s.
In October 1957, one day after I learned I was to receive the Nobel Prize jointly with
T.D. Lee, I wrote to Professor Wu2:

1C.N. Yang. Selected Papers 1945–1980 With Commentary. Freeman and Company (1983), p. 5.
2C.N. Yang. Selected Papers 1945–1980 With Commentary. Freeman and Company (1983), p. 41.
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At this moment of great excitement, that also calls for deep personal
reflection, it is my privilege to express to you my deep gratitude for your
having initiated me into the field of symmetry laws and group theory in the
spring of 1942. A major part of my subsequent work, including the parity
problem, is traceable directly or indirectly to the ideas that I learned with you
that spring fifteen years ago. This is something that I have always had an urge
to tell you, but today is a particularly appropriate moment.

1944 thesis for my MSc degree
This thesis was written under the

Professor Wang, early 1980s in StonyBrook.

direction of Professor J. S. Wang (王竹
溪). It consisted of two papers on the spe-
cific heat of alloys, using approximations
which were very popular at the time. The
main ideas of such approximations are now
called mean field theory. Neither paper
made any impact in the field, but they did
introduce me to statistical mechanics, in
two important ways:

(1) I was deeply impressed by Gibbs. I still remember vividly today reading his
papers on the phase rule in an obscure journal published in Connecticut. [It is amazing
that such an obscure journal was in the library of LianDa.] More important, his little
book Elementary Principles of Statistical Mechanics converted me to an ardent admirer
of his. I was to write in 19633:

The beauty of his Elementary Principles of Statistical Mechanics is sheer
poetry.

(2) Statistical mechanics became one of my two major areas of research work. I still
remember today Professor Wang excitedly telling me, one day in 1945, the breakthrough
Onsager had made in the Ising model. I tried to understand this breakthrough, first
in Kunming, later in Chicago in 1947, both without success. But finally in 1949, in a
station wagon ride, I learned from Luttinger of a new paper by Kaufman and Onsager.
And that led to my lifelong interest in statistical mechanics.

3C.N. Yang. Selected Papers 1945–1980 With Commentary. Freeman and Company (1983), p. 71.
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1948 thesis for my PhD degree
During the first 9 month of 1946 I worked

With Professor Teller,
1982 in Brookhaven National Laboratory.

closely with Professor Teller. He had around 6
or 7 graduate students, and met us every week
or two for lunch, to discuss our research. He also
asked me to grade exercise papers of his students.
So I had ample opportunity to observe his style
of doing physics. He had very good physical in-
tuition, especially about symmetries in atomic,
molecular and nuclear physics. But he lacked
patience to fill in the logical steps behind his in-
tuition. For example as early as 1941 he had
made, in a paper with Critchfield, statements
about complexities in nuclear reactions involving
particles with spin, but did not give any proofs.
I began to think about how to supply complete
proofs.

In the late 1940s low energy nuclear physics
was one of the most active fields. In particular there began experiments about correla-
tions, such as β–γ and γ–γ correlations. Theoretical calculations were published about
such correlations, showing very surprisingly that the final results often were very simple
after unexpected cancellations. I did some of these calculations and soon realized that

the cancellations must be mathe-

With Professor Teller, 1990s.

matical consequences of the spher-
ical symmetry of nuclear physics.
But to substantiate such a state-
ment required detailed mathemat-
ical analysis. This I succeeded in
doing after a few weeks of analysis,
and that was how my PhD thesis
came about.

This thesis greatly increased
my appreciation of the power of

symmetry considerations in understanding natural laws. It happened that to study
the newly discovered “strange particles” it was necessary to first determine their spin,
parity and other quantum umbers, i.e. their symmetry properties. Thus I was able,
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one year after my thesis, to publish a paper on the spin and parity of the π0 meson.
This paper made me famous because it was in direct competition with L. Landau.

I should mention here that this π0 paper used heavily field theory, which I had
learned, very thoroughly in 1943–1945, from Professor S. T. Ma (马仕俊).

In Chicago I was interested

With Professors Wu and Ma, 1949.

in using symmetry considera-
tions not only on experiment re-
lated problems, such as those in
my PhD thesis, but also on a
more fundamental problem: the
basic equations governing inter-
actions between particles. Thus
in 1947 I tried to generalize
Weyl’s gauge symmetry to non-
Abelian groups. This effort met
with smooth sailing at the be-
ginning, but soon got into messy
technical problems, and I had to
give up. Fortunately I did return to it in 1954, at Brookhaven with Robert Mills. We
succeeded in overcoming the technical difficulty and published a short paper on it4.
That paper has now become one of the most important papers in physics after WWII.

4C.N. Yang. Selected Papers 1945–1980 With Commentary. Freeman and Company (1983), p. 19.
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GROUP THEORY AND THE VIBRATION
OF POLYATOMIC MOLECULES

Cheng-Ning Yang (楊振寧)

INTRODUCTION

Informations about the structure of molecules can always be drawn from the anal-
ysis of their vibrational spectra, but owing to the mathematical difficulties involved in
the theoretical calculation, only very simple types of molecules can be studied. The
method developed by Bethe1 in 1929, and then more completely by Wigner2, however,
removed considerably this difficulty. It is our purpose here to present the method
together with some of the developments after them. A new method of finding the sym-
metrical coordinates is given (§4), in which the symmetry is preserved from step to step
in spite of the existence of redundant coordinates. The theorem in §5 which renders
the calculation of the degree of degeneracy very simple is also believed to be new.

The Symmetry of a Molecule

§1 MATHEMATICAL EXPRESSION OF SYMMETRY

There are reasons to suppose that the nuclei in a molecule arrange themselves in
symmetrical positions when in equilibrium; i.e. some operations (Consisting of reflec-
tions and rotations) bring the molecule into itself. (For molecules containing isotopes
this statement must be slightly modified. cf. §18) If we choose a set of rectangular
coordinate axes with the origin at the centre of mass of the molecule in equilibrium,
each covering operation C can be represented by an orthogonal matrix Γc (order: 3×3)

so that the point


X

Y

Z

 is brought to Γc


X

Y

Z

 by the operation. Letby the operation. Let r11,by the operation. Let r12, · · · ,by the operation. Let r1n

be a set of coordinates specifying the relative positions of the nuclei (e.g. the distances
between the nuclei and the angles between the bonds) in the molecule. When the nuclei
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vibrate about their positions of equilibrium, theseby the operation. Let r1’s vary (cf. §6). Let R1, R2, · · · ,
Rn be their increments. Further, let x1, y1, z1, x2, · · · , xN , yN , zN be the increments of
the rectangular coordinates of the N nuclei. For small vibrations the R’s are linear in
the x’s, y’s and z’s:

R =


R1

R2

...
Rn

 = BC , where C =


x1

y1
...
zN

 (1)

B being a constant matrix of n rows and 3N colomns. Now after the operation C, the
molecule is indistinguishable from its original self, and we have a new equation obtained
by writing (1) down for the new molecule:

c

R = B
c

C (2)

Here
c

R’s are the coordinates of the molecule which will be brought into coincidence
with R’s by the operation C, and

c

C =



Γc


xC−11

yC−11

zC−11


...

Γc


xC−1N

yC−1N

zC−1N




(3)

where C−1i is the nucleus which will become after the operation C the nucleus i. Let
Zc be a square matrix of order 3N with the elements

ix(Zc)jx = δj,C−1i, ix(Zc)jy = 0 etc. i, j = 1, 2, · · · , N,

and let Pc stand for


Γc

Γc

. . .
Γc

, then (2) and (3) give

c

R = BPcZcC . (4)

This equation holds for every operation C and is the mathematical expression of the
symmetry of the molecule.
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EXAMPLE Consider three equivalent nuclei forming an equilateral triangle. Let
C be the operation: Rotation counterclockwise through 120o about O. Then

C−11 = 3, C−12 = 1, C−13 = 2,

and

Zc =



1 0

0 0 1

0 1

1 0

1 0 0

0 1

1 0

0 1 0

0 1



, Γc =


−1

2
−
√
3

2
0

√
3

2
−1

2
0

0 0 1

 .

Let R1 be the increment of the distance 12.

R1 =
1

2
x1 +

√
3

2
y1 −

1

2
x2 −

√
3

2
y2.

Then
c

R1 is that of 31, and

c

R1 = −1

2
x1 +

√
3

2
y1 +

1

2
x3 −

√
3

2
y3.

Thus

B =

(
1

2

√
3

2
0 − 1

2
−

√
3

2
0 0 0 0

)
.

(4) becomes the identity

−1

2
x1 +

√
3

2
y1 +

1

2
x3 −

√
3

2
y3 =

(
1

2

√
3

2
0 − 1

2
−

√
3

2
0 0 0 0

)
·


Γc 0 0

0 Γc 0

0 0 Γc

Zc


x1

y
1

...
z3

 .
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§2 FUNDAMENTAL RELATIONSHIP

In some instances the coordinates R1, R2, · · · , Rn are sufficient to determine
c

R1,
c

R2, · · · ,
c

Rn for all covering operations C. This is the case if (i) the R’s contain only

complete sets of equivalent coordinates (e.g. in the last example when
R1

R2

R3

= increment

of
31̂2

12̂3

23̂1

); or if (ii) the R’s are all that are necessary to describe the internal structure of

the molecule. In both cases we have for small vibrations
c

R=AcR, where Ac is in case
(i) an orthogonal matrix having as elements 0 or 1, and in case (ii) a matrix of order
n× n. By (4),

BPcZcC =
c

R = AcR = AcBC .

But C is arbitrary (cf. §6), hence

BPcZc = AcB. (5)

This is the fundamental relationship on which all the following deductions are based.

§3 GROUP PROPERTIES

To make further developments we notice that the covering operations C form a
group and that the Pc’s, Zc’s and Ac’s each form a group isomorphic* with it. The
group is known as the “point group”. They are of such importance that their properties
have been investigated in detail.3

Choice of Internal Coordinates

§4 INDEPENDENT REDUCED COORDINATES

We first choose the coordinates R1, R2, · · · , Rn so that they contain only complete
sets of equivalent internal coordinates, and such that they are more than necessary for
the determination of the structure of the molecule. The simplest way is to choose the
increments of the internuclear distances and the bond angles as the R’s. In the example

*Let C′C be the resultant operation of first operating C and then C′, we have

Pc′c = Pc′Pc, Zc′c = Zc′Zc, but Ac′c = AcAc′ .
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of §1 we may take the increments of the bonds 12, 23 and 31 as R1, R2 and R3; or those
of the lengths O1, O2, O3 and the angles 1Ô2, 2Ô3 and 3Ô1 as the R’s. The matrix B
can now be determined (§§11, 12). Evidently our choice belongs to the case (i) of §2,
so that the Ac’s are orthogonal and have as elements 0 or 1. It is plain that i(Ac)j = 0

if Ri and Rj are not equivalent. We shall make use of the following theorem in group
theory5:

If Ac form a group of orthogonal matrices, and Wα
c (α = 1, 2, · · · , k) are the irre-

ducible orthogonal representations of the group, there exists an orthogonal matrix M

such that Wc =MAcM
−1 is of the form

W 1
c 0

W 1
c

. . .
W 1

c

W 2
c

. . .
0 W k

c


. (6)

We define* Q =


Q1

Q2

...
Qn

=MR as the “reduced coordinates”4. Evidently

c

Q=M
c

R=MAcR =MAcM
−1Q =WcQ.

Now not all the Q’s are independent. To select out the independent ones we need the
following theorem:

THEOREM It is always possible to drop out some of the Q’s so that
(i) the remaining ones are all independent,
(ii) the dropped ones depend on the remaining ones,

and (iii) the remaining ones belong to complete blocks of the group of matrices Wc.

Because of the properties (i) and (ii), the remaining coordinates R =


R1

R2

...
R3N−6

 are

called the “independent reduced coordinates”, and from (iii),
c

R = cR where c is
*We assume here that Q is real. There is probably no difficulty in handling complex coordinates, but they are

not necessary unless molecules of symmetry Cn, Cnh or Sn (n > 2) are studied.
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obtained from Wc by dropping some blocks. These coordinates may also be obtained in
other ways, and have been given various names by different authors. They are the “in-
ternal symmetry coordinates” of Wilson7 and the “geometrical symmetry coordinates”
of Rosenthal and Murphy8. The relation between R and the “symmetry coordinates”
of Howard and Wilson11,9 will be given in §14.

PROOF OF THE THEOREM Since Q is not entirely arbitrary, there exists a
matrix H of order ν × n so that

HH ′ = I, HQ = 0, (7)

where I is the unit matrix and the ′ stands for “transposed”. We may prove that the

rank of H is ν and that there exists a matrix H1 of order (n− ν)×n such that

H

H1


is orthogonal. Put

H

H1

Q =

 0

Q1

, then

Q = (H ′ H ′
1)

 0

Q1

 = H ′
1Q1. (8)

We may suppose that ν = n− (3N −6) so that Q1 is arbitrary. The equ. HQ = 0 must
be invariant under an operation C:

0 = H
c

Q = HWcQ = HWcH
′
1Q1.

Hence
HWcH

′
1 = 0.

Thus H

H1

Wc(H
′ H ′

1) =

(
HWcH

′ 0

H1WcH
′ H1WcH

′
1

)
.

This matrix is orthogonal (for

H

H1

 and Wc are both orthogonal). Hence

H

H1

Wc(H
′ H ′

1) =

(
HWcH

′ 0

0 H1WcH
′
1

)
. (9)

Thus HWcH
′ is orthogonal and forms a group isomorphic with the one formed by C;

i.e.
(HWc′H

′)(HWcH
′) = HWcc′H

′.
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By the theorem quoted above there exists an orthogonal matrix J such that JHWcH
′J ′ =

ωc is of the form (6); i.e. if the “untermatrices” of Wc are

αβ(Wc)α′β′ = δαα′δββ′Wα
c , α = 1, 2, · · · , k, β = 1, 2, · · · , nα,

those of ωc must be

ab(ωc)a′b′ = δaa′δbb′W
a
c , a = 1, 2, · · · , k, b = 1, 2, · · · , µa.

By (9), the irreducible blocks of ωc must all be that of Wc, hence µa ≤ nα. Now

(JH)Wc = JHWc(H
′ H ′

1)

(
H

H1

)
= (JHWcH

′ 0)

(
H

H1

)
= ωcJH (10)

i.e.
ab(JH)αβ W

α
c =W a

c ab(JH)αβ.

But Wα
c is irreducible, hence6

ab(JH)αβ = δaα b
α
βI, (11)

where b
α
β is an ordinary number. Since JH is of rank ν, the submatrix

(
b

α
β

)
(b =

1, 2, 3, · · · , µα; β = 1, 2, 3, · · · , nα) is of rank µα. Thus for every α there exists a set Kα

of µα integers all ≤ nα, such that the square matrix
(
b

α
β

)
(b = 1, 2, · · · , µα; β in Kα)

is nonsingular. Hence JH may be divided into two untermatrices, one (of order ν × ν)
composed of those untermatrices (11) for which β is in the set kα, and the other those
for which β is not in Kα. The former is evidently nonsingular. Let H2 and H3 be the
corresponding untermatrices of H = J−1(JH). Evidently a transposition of columns
may bring H into the form (H2 H3). Now the constraint on Q is HQ = 0. Hence a

corresponding transposition of the rows of Q bring it to
(
Q2

Q3

)
so that

H2Q2 +H3Q3= 0.

Since H2 is nonsingular, Q3 may be chosen as the independent variable, Q2 being
dependent on it. Thus the latter can be dropped and the conditions (i), (ii) and (iii)
are satisfied.

§5 CALCULATION OF SPUR ( c)

Suppose that the constraints on the R’s are given by

DR = 0 where DD ′ = I. (12)
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THEOREM
Spur( c) = Spur(Ac)

′ − Spur(DAcD
′) (13)

This theorem makes the calculation of Spur( c) very simple (because the elements of
Ac are 0 or 1), and before the transformation from R the Q is carried out. Also it
enables us to calculate the contributions of the different constraints separately.

PROOF The constraints on R1, R2, · · · , Rn are DR = 0. Hence we may take the
matrix H of (7) to be DM ′. With the notation used there we have

c

Q1 = H1

c

Q = H1WcQ = H1WcH
′
1Q1. (14)

Since the R’s are all independent, there exists M1 such that Q1 =M1R. Hence
c

Q1 =M1

c

R =M1 cR =M1 cM1
−1Q1.

On comparison with (14) it follows that H1WcH
′
1 =M1 cM1

−1. Thus

Spur( c) = Spur(H1WcH
′
1)

= Spur
[(

H

H1

)
Wc

(
H ′ H ′

1

)]
− Spur(HWcH

′)

= Spur(Ac)− Spur(DAcD
′).

EXAMPLE Consider the molecule CH3Cl. Take

R1, R2, R3, R4 = increments of the distances CCl, CHα, CHβ, CHγ ,

R5, R6, R7 = increments of the angles ClĈHα, ClĈHβ, ClĈHγ ,

R8, R9, R10 = increments of the angles HβĈHγ , HγĈHα, HαĈHβ.

The constraint is

[R5 +R6 +R7]f + [R8 +R9 +R10] = 0,

where f is a constant. Thus

D =

√
1

3f2 + 3
(0 0 0 0 f f f 1 1 1).
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The theorem leads to

Operation C Spur(Ac) Spur(DAcD)∗ Spur( c)
No Motion : C1 10 1 9

Rotation about CCl through
120o : C2 1 1 0
240o : C3

Reflection about the plane
Cl CHα : C4

Cl CHβ : C5 4 1 3
Cl CHγ : C6

The Kinetic and the Potential Energies

§6 CHOICE OF AXES

Suppose that


R1

R2

...
R3N−6

 = R are the increments of 3N − 6 independent internal

coordinates. For small vibrations, R = BC , where C =


x1
...
zN

 is defined in §1.

Suppose that the equilibrium positions of the nuclei are, in rectangular coordinates,
(X1, Y1, Z1) , (X2, Y2, Z2) , · · · , (XN , YN , ZN ). Let m1, m2,· · · , mN be their masses.
Write

F =



m1 0 0 m2 0 0 · · · 0

0 m1 0 0 m2 0 · · · 0

0 0 m1 0 0 m2 · · · mN

0 m1Z1 −m1Y1 0 m2Z2 −m2Y2 · · · −mNYN

−m1Z1 0 m1X1 −m2Z2 0 m2X2 · · · mNXN

m1Y1 −m1X1 0 m2Y2 −m2X2 0 · · · 0


* From this it is immediately seen that any constraint having the same coefficient for equivalent coordinates

contributes 1 to Spur (DAcD
′).
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Then the first column of B


1

m1

. . .
1

mN

F ′ is the matrix B



1

0

0

1

0

0

...

0



which is the

value of R when all the nuclei are displaced by 1 unit of length along the X-axis. But

the R’s are the increments of internal variables, hence B



1

0

0

1

0

0

...

0



= 0. In the same way

we can show that

B


1

m1

. . .
1

mN

F ′ = 0.

We have thus far described the the molecule in a certain system of rectangular
coordinates. But when the molecule moves and rotates in space as well as vibrates, there
remains an arbitrariness in fixing the coordinate axes to the molecule. The following
method of choosing these axes is, however, the most preferable. The 3N − 6 internal
variables R1, R2, · · · , R3N−6 is determined uniquely from the structure of the molecule.
We define x1, y1, · · · , zN by

C =


x1
...
zN

 =

(
B

F

)−1(
R

0

)
, (15)

so that
FC = 0. (16)
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From the definition of B, we conclude that a system of axes of reference can be found so
that the positions of the nuclei are (X1+x1, Y1+y1, Z1+z1), (X2+x2, Y2+y2, Z2+z2),
· · · , (XN + xN , YN + yN , ZN + zN ) when the molecule is not very much distorted from
its equilibrium structure. We have thus 6 external variables specifying the position and
orientation of the axes in space and 3N − 6 variables R1, R2, · · · , R3N−6 specifying by
means of (15) the positions of the nuclei with respect to these axes.

§7 THE KINETIC ENERGY IN TERMS OF R

Equ. (16) expresses the facts that the origin of our moving axes is at any time the
centre of mass of the molecule, and that the moment of momentum of the molecule in
this system of reference is of the order of mxẋ. Thus if the molecule rotates in space
with an angular velocity ω about its centre of mass, its kinetic energy is

Tcentre of mass + Trotation +
1

2

∑
i

mi(ẋ
2
i + ẏ2i + ż2i ) + term ∼ mxẋω.

But
Trotation = (K.E. of rotation if C = 0) + term ∼ mω2xX.

Now Tcentre of mass + (K.E. of rotation if C = 0) depends on the external variables only
(together, of course, with their time derivatives). And in a gas, due to thermal agitation,
ωX ∼ ẋ.

Thus in the first approximation the equ. of motion is to be derived from
(cf. §§15, 16)

T =
1

2

∑
i

mi(ẋ
2
i + ẏ2i + ż2i ) =

1

2
(Ṙ′ 0)

(
B

F

)−1′


m1

. . .
m
N


(
B

F

)−1(
Ṙ

0

)
.

But

(
B

F

)
1

m1

. . .
1

mN

(B′ F ′
)
=



B


1

m1

. . .
1

mN

B′ 0

0 F


1

m1

. . .
1

mN

F ′


.

Hence writing

G = B


1

m1

. . .
1

m
N

B′, (17)
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we have
2T = Ṙ′G−1Ṙ. (18)

§8 THE KINETIC ENERGY IN TERMS OF RRR

If we take the independent reduced coordinates R (§4) to be the R’s of the last
section, the results may be summarized:

R = L C , G = L


1

m1

. . .
1

m
N

L ′, 2T = Ṙ′G −1Ṙ. (19)

Now by (5),
L PcZc = cL ( c stands here for Ac, cf. §4)

so that

G = L


1

m1

. . .
1

m
N

L ′ =
′
cL PcZc


1

m1

. . .
1

m
N

Z ′
cP

′
cL

′
c.

But


1

m1

. . .
1

m
N

, Pc and Zc commute* with each other, hence

G =
′
cL


1

m1

. . .
1

m
N

L ′
c =

′
cG c.

Suppose
αβ( c)α′β′ = δαα′δββ′Wα

c , α = 1, 2, · · · , k, β = 1, 2, · · · , nα, (20)

where Wα
c is irreducible. (cf. §4) Since cG = G c, we have

Wα
c αβ(G )α′β′ = αβ(G )α′β′ Wα′

c .

Hence6

αβ(G )α′β′ = δαα′ βg
α
β′I. (21)

If Wα
c is of order dα, this shows that the nonvanishing elements of G are in

k∑
α=1

dα

diagonal blocks of which dα are identical of dimension nα × nα.
*cf. §18.
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§9 THE POTENTIAL ENERGY IN TERMS OF RRR

The potential energy depends on the internal coordinates only. For small vibra-
tions, it is approximately equal to 1

2
R′ R, where is a positive symmetrical matrix,

because when in equilibrium the molecule has a minimum potential energy. The cov-
ering operations leave the potential energy unchanged:

1

2
R′ R =

1

2

c

R′
c

R =
1

2
R′ ′

cR.

But R is arbitrary, hence
=

′
c c.

Thus we have, just as we had (21),

αβ( )α′β′ = δαα′ βvβ′
αI, α = 1, 2, · · · , k, β = 1, 2, · · · , nα. (22)

There are therefore totally
k∑

α=1

n2
a independent constants in the potential energy, which

are usually unknowns.11

Calculation of the Kinetic Energy

§10 THE TRANSFORMATION MATRIX M 7

In §4 the orthogonal matrix M was introduced to reduce Ac. Since

Ac =


Ac1 0

Ac2

0
. . .


where each Acp belongs to a set of equivalent coordinates, (§4)

M =


M1 0

M2

0
. . .


where Mp is orthogonal. Hence Wcp =MpAcpM

−1
p is of the form (6), i.e.

Wcp =


W 1

cp

W 1
cp

. . .
W k

cp

 .
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Suppose that W 1
cp is of dimension d× d. Denote the first d rows of Mp by

L =

 1(Mp)1 1(Mp)2 · · · · · ·
· · · · · · · · · · · ·

d(Mp)1 · · · · · · d(Mp)gp

 ,

where gp = no. of equivalent coordinates R of the p-th set.
Now

WcpMp =MpAcp.

Hence
W 1

cpL = LAcp.

Thus
L′L = A′

cpL
′LAcp, i.e. (L′L)Acp = Acp(L

′L).

Hence
gp∑
t=1

1(L
′L)t t(Acp)2 =

gp∑
t=1

1(Acp)t t(L
′L)2.

There exists an operation C which brings the second coordinate of the p-th set to the
first, for which

c

R1 = R2, so that 1(Acp)t = δt2, t(Acp)2 = δt1. Hence 1(L
′L)1 = 2(L

′L)2.
Thus all diagonal elements of L′L are equal, and

d∑
γ=1

γ(Mp)
2

t = t(L
′L)t =

1

gp
Spur(L′L) =

1

gp
Spur(LL′) =

d

gp
.

Now d can be determined from the values of Spur ( c), (cf. equ. (39)) so that this
relation facilitates the calculation of M .

§11 VECTORIAL NOTATION 7

The matrix G = L


1

m1

. . .
1

mN

L ′ is calculated by first computing L . Now

R is a submatrix of Q. Hence

L =M1B, where M1 = some rows(M)all columns. (23)

Thus we have to find B first.
Now

R = BC .

Write
(xt yt zt) =

−→
Ct, (kBtx kBty kBtz) =

−→
kSt.
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Then Rk =
∑
t

−→
kSt ·

−→
Ct. In a similar way we shall write

αβγ(L )t =
n∑

k=1

αβγ(M1)k
−→
kSt = αβγ

−→
t, γ = 1, 2, · · · , dα, t = 1, 2, · · · , N. (cf. (21))

(24)

§12 EXPLICIT EXPRESSION OF −→
kSt

−→
kSt
−→
kSt

7

The use of the vectors −→
S is advantageous because they are independent of the

coordinate axes. Two kinds of R’s are commonly used:
(i) R = the increment of the bond between the nuclei t′ and t′′ in length. Evidently

when
−→
Ct′ =

−→
Ct′′ = 0, R = 0. Hence

−→
St = 0 for all t except t′ or t′′.

If 0 = yt′ = zt′ = xt′′ = yt′′ = zt′′ , we have R =

xt′ cos θ, so that Bt′x = cos θ. Hence
−→
St′ = unit vector from t′′ to t′.
−→
St′′ = −

−→
St′ .

all other−→S t are 0.

(25)

(ii) R = the increment of the angle t′ − t− t′′. Evidently all −→S are 0 except −→
St,

−→
St′

and −→
St′′ . Suppose that

−→
St′ = x′

−→
ξ′ + y′

−→
η′ + z′

−→
ζ ′ .

When
−→
Ct =

−→
Ct′′ = 0,

−→
Ct′ =

−→
ξ′ , we have, since t′

alone is displaced, R = 1
ϵ
. Hence x′ = 1

ϵ
. Similarly by

considering the case when
−→
Ct =

−→
Ct′′ = 0,

−→
Ct′ =

−→
η′ , we

get y′ = 0. Proceeding in this way we arrive finally
at the first line of (26). Now R vanishes when

−→
Ct′ =−→

Ct =
−→
Ct′′ . Thus (−→St′ +

−→
St′′ +

−→
St) = 0. So that


−→
St′ =

1

ϵ

−→
ξ′,

−→
St′′ =

1

γ

−→
ξ′′

−→
St = −(

−→
St′ +

−→
St′′)

all other −→
S = 0

(26)

From (25) and (26) we can write down, for all k and t, the vector −→
kSt from which

−→

may be calculated through (24).
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§13 KINETIC ENERGY IN TERMS OF THE −→’S 7

We shall show however, that not all the
−→

’s are needed for the calculation of G .
Take (5)

LLL PcZc = cL . (27)

By (20)
N∑

t′=1

αβLt′Γcδt,c−1t′ =Wα
c αβLt, (Γc is defined in §2)

i.e.
αβLctΓc =Wα

c αβLt.

Hence for any β and β′,

Γ′
c αβL

′
ct αβ′Lct Γc = αβL

′
t αβ′Lt,

so that
Spur(αβL ′

ct αβ′Lct) = Spur(αβL ′
t αβ′Lt). (28)

Now by (21),

βg
α
β′I = αβGαβ′ =

∑
p

αβLp

(
1

mp

I

)
αβ′

L ′
p, (29)

where each p refer to a set of equivalent nuclei.
From (27)

αβ(L )p p(Pc)p p(Zc)p =Wα
c αβ(L )p.

Hence
αβ(L )p αβ′(L )′p =Wα

c αβLp αβ′L ′
p,

i.e.
(αβLp αβ′L ′

p)W
α
c =Wα

c (αβLp αβ′L ′
p).

Thus6

αβLp αβ′L
′

p = ββbβ

αp

β′ I, (30)

where ββbβ

αp

β′ is an ordinary number. From (29) we have,

βg
α
β′I =

∑
p

1

mp
ββbβ

αp

β′ I. (31)

Hence

ββbβ

αp

β′ dα = Spur(αβLp αβ′L
′

p) = Spur(αβ′L
′

p αβLp) =
∑
t in p

Spur(αβ′L
′

t αβLt). (32)
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Now consider the sum of (28). Since ct goes over all values of t in p when c goes over
all the operations of the group,

Spur(αβL ′
ct αβ′Lct) = Spur(αβL ′

ct′ αβ′Lct′),

if t and t′ are in the same p-th set. Thus (32) becomes

ββbβ

αp

β′ dα = gpSpur(αβLt αβ′L ′
t ),

where t represents any nucleus of the p-th set. Substitute into (31) and make use of
(24). We obtain:

βg
α
β′ =

1

dα

∑
p

gp
mp

dα∑
γ=1

αβγ

−→
t · αβ′γ

−→
t′ . (33)

Thus in calculation G (αβGα′β′ = δαα′ βg
α
β′I) we have only to know αβγ

−→
t for all α

(= 1, 2, · · · , k), β (= 1, 2, · · · , nd) and γ (= 1, 2, · · · , dα); but only for one t in each p.
From (24) we see that not all −→S are needed.

Secular Equation and Degeneracy

§14 NORMAL COORDINATES

In terms of the independent reduced coordinates R defined in §4, the kinetic energy
and the potential energy are 1

2
Ṙ′G −1Ṙ and 1

2
R′ R, (§§8, 9) where G is positive

definite. Let 1, 2, · · · , 3N−6 be the roots of the equ.∣∣ G −1 −
∣∣ = 0, i.e. | I − G | = 0. (34)

Then there exists a matrix L such that

LGL′ = I, L−1′ L−1 =


1 0

2

. . .
0 3N−6

 = Λ.

Put

=


1

...

3N−6

 = LR,
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we get immediately

2×kinetic energy = Ṙ′G −1Ṙ = ˙ ′
=

3N−6∑
i=1

˙ 2

i , (35)

2×potential energy = R′ R =
′
Λ =

∑
i

i
2
i . (36)

These coordinates i are known as the “normal coordinate” ’s. They are obtained by
first solving (34), thus getting i; and then determining L from

LG = ΛL. (37)

This L must be normalized by
LGL′ = I. (38)

The normal coordinates are then calculated from = LR.
Now we shall be able to see the role that symmetry plays in simplifying the calcula-

tions. Equs. (21) and (22) show the secular equ. (34) is factored into
k∑

α=1

dα equations

of which dα are identical and are of the nα-th degree. The labor of solving for the ’s
is considerably saved. Moreover, the no. of unknown constants in is reduced.

The normal coordinates are also a special form of the “symmetry coordinates” in-
troduced by Howard and Wilson.21 The most general form of the symmetry coordinates

is given by = L where

αβLα′β′ = δαα′ βℓ
α
β′Uα, α = 1, 2, · · · , k, β = 1, 2, · · · , na,

in which Uα is orthogonal and βℓ
α
β′ form an orthogonal matrix when β and β′ range

over 1, 2, · · · , nα.

§15 SOLUTION OF THE PHYSICAL PROBLEM—CLASSICAL
THEORY

The Lagrangian is, from (35) and (36),

1

2

3N−6∑
i=1

( ˙
2

i − i
2
i ).

The equs. of motion are therefore

¨
i + i i = 0, i = 1, 2, · · · , 3N − 6.

Hence
i = ( i)0 cos(

√
it+ ϕi).



Group Theory and the Vibration of Polyatomic Molecules – 25 –

The frequencies of vibration are thus√
1

2π
,

√
2

2π
, · · · ,

√
3N−6

2π
.

This is correct only in the first approximation; but it serves to give almost all our
present knowledge about the forces within the molecules.

§16 SOLUTION OF THE PHYSICAL PROBLEM—QUANTUM
THEORY

Now
T =

1

2

∑
i

˙ 2

i , V =
1

2

∑
i

i
2
i .

The wave equation is most easily obtained from the variational formulation of the
problem:

δ

∫ {∑
ℏ2gij

ψ∗

i

ψ

j

+ (V − E)ψ∗ψ

}
√
g d 1 · · ·d 3N−6 = 0,

where gij is given by T = gij ẋ
iẋj . Hence∑

i

1

2

(
−ℏ2

2

2
i

+ i
2
i

)
ψ = Eψ.

The electric moment in any direction is, in the first approximation

D0 +

3N−6∑
i=1

Di i

where Di is immediately calculable from (15). Thus the wave function and selection
rules, hence the frequencies in the vibrational spectra of the molecule, are the same as
those of 3N−6 independent harmonic oscillators with coordinates 1, 2, · · · , 3N−6.
The frequencies are therefore exactly those obtained classically.

§17 THE DEGREE OF DEGENERACY

We have seen that the secular equ. (34) is factorized into d1 identical equs. of
the n1-th degree, d2 identical equs. of the n2-th degree, · · · . There must therefore be
n1 frequencies each corresponding to d1 different normal moods of vibration (d1-fold
degenerate). The nos. d1, d2, · · · , are accordingly called “the degrees of degeneracy”.

It is interesting that they can be determined together with n1, n2, · · · , without
carrying out the calculation of the normal coordinates. For, by (20)∑

α

nαSpur(Wα
c ) = Spur( c).
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But ∑
c

Spur(Wα
c )Spur(W β

c ) = δαβh,

where h = order of the group. Hence

nα =
1

h

∑
c

Spur( c)Spur(Wα
c ). (39)

Now both Spur(Wα
c ) and dα can be found3 from a table of characters of the point group,

and Spur( c) can be calculated through the theorem in §5, so that dα and nα are easily
calculable from (39).

EXAMPLE We consider again the molecule CH3Cl. (§5) From the left table of

characters we get n1 =

Representation dα
Spur(Wc)

c = c1 c = c2, c3 c = c4, c5, c6

W 1 1 1 1 1
W 2 1 1 1 −1

W 3 2 2 −1 0

3, n2 = 0, n3 = 3.It
follows that the secu-
lar equ. is factored into
3 cubic equs. 2 of which
are identical.

We conclude that there are totally 6 vibrational frequencies, 3 of which are doubly
degenerate.

The no. of independent constants in the potential energy is (§9)
∑
α

n2
a = 18.

Other Developments

§18 ISOTOPE RULE 7

In the above example the no. of unknown constants in the potential energy is much
greater than the no. of observable frequencies, as is usually the case. The situation
is, however, not so hopeless, because the frequencies of the molecule with some of
the atoms replaced by their isotopes serve as additional data. The new molecule has
evidently the same equilibrium configuration and potential energy as the original one.
But in calculating its kinetic energy it must be remembered that all the results of §§1
to 7 are correct, (because they do not concern the masses of the nuclei) but that since

now


1

m1

. . .
1

mN

 does not necessarily commute with Pc, (21) does not hold. The

secular equ. is therefore not factored as before. The vectorial method is still convenient.
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If the new kinetic energy matrix is denoted by G ′, from (34)

Π i = | G | = | ||G |,

Π
′
i = | G ′| = | ||G ′|.

Hence

Π i

Π i
′ =

|G |
|G ′|

=

∣∣∣∣∣∣∣∣L


1
m1

. . .
1

mN

L ′

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣L


1
m1

′

. . .
1

mN

′

L ′

∣∣∣∣∣∣∣∣
.

§19 SPLITTING OF HIGH FREQUENCIES 7

Sometimes it is known that certain force constants are considerably larger than the
others, so that the corresponding frequencies of vibration are much greater than the
rest. To solve for the low frequencies we may make the approximation of putting the
large force constants equal to infinity.

Let

G =

(
G11 G12

G21 G22

)
, =

(
11 12

21 22

)
.

We want to find the ’s when 11 → ∞. Now∣∣∣ G −1 −1 − I
∣∣∣ = 0,

and when 11 → ∞, −1 →

(
0 0

0
−1
22

)
. Since

G −1 =

 (G −1)11 (G −1)12

(G −1)21 (G22 − G21G
−1
11 G12)

−1

 ,

we get ∣∣∣∣∣∣
 0 (G −1)12

−1
22

0 (G22 − G21G
−1
11 G12)

−1 −1
22

− I

∣∣∣∣∣∣ = 0,

or ∣∣∣ (G22 − G21G
−1
11 G12)

−1 −1
22 − I

∣∣∣ = 0,

i.e. ∣∣∣ (G22 − G21G
−1
11 G12)

−1 − 22

∣∣∣ = 0.
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THE VARIATION OF THE INTERACTION
ENERGY WITH CHANGE OF LATTICE

CONSTANTS AND CHANGE OF THE
DEGREE OF ORDER

By C. N. Yang

National Tsing Hua University,

Kunming, China

ABSTRACT

The change of the lattice constants due to the order-disordering process in a super-
lattice is investigated by using the condition of minimum free energy in Bethe’s theory.
It is found that the interaction energy depends on the degree of order when the external
pressure is kept constant. The specific heat at constant pressure given by the theory
is compared with experiment. Another source of the variation of interaction energy is
the change of atomic arrangements. This is also investigated from the view point of
Wang’s formulation of the free energy in Bethe’s approximations.
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1. INTRODUCTION

The binary alloy CuAu is face-centred cubic when disordered and tetragonal when
ordered. This change of lattice form can be studied thermodynamically if we know the
energy and the entropy of the crystal. Some calculations along this line has already
been made by Wilson1 who used Bethe’s method to find the energy but Bragg-Williams’
method to find the entropy of the crystal. It will be shown in the present paper that
Bethe’s method can be carried through in the calculations, making it self-consistent.
The results are comparable with Gorsky’s measurements2.

The change of lattice constants evidently affects the interaction energy between
the atoms, and must consequently produce a change in the configurational energy and
the specific heat of the crystal. We shall see that the effect is in the right direction to
bring the theory into closer agreement with experiment, because it tends to make the
energy increase more rapidly near the critical temperature. An actual calculation of
the specific heat at variable lattice constant but constant external pressure for β-brass
is given in section 3.

Now the interaction energy can also be influenced by a change of the atomic ar-
rangements. Mott3 has shown from a study of the electronic distribution in superlattices
that the interaction energy decreases as the degree of order decreases. The actual rela-
tion between the two is naturally very complicated. A linear dependence (of the average
interaction energy upon the degree of order) has been assumed by Lin4 in attempting
to explain the occurrence of the maximum critical temperature of a face-centred alloy
at the concentration ratio 1:3. In order to justify the assumption we shall view the
problem from a new angle by the introduction of the free energy in Bethe’s approxima-
tion5. In this way it is found that the interaction energy as a function of the degree of
order must satisfy certain equations obtained from a set of conditions of consistency.
This same set of conditions of consistency makes also possible the calculation of the
energy of the crystal without appealing to Bragg-Williams’ theory as Lin did.

2. THE VARIATION OF LATTICE CONSTANTS

We shall form the partition function at constant lattice constants l1 and l2, and
then obtain their equilibrium values from the equations determining the generalized
reactions. Let 1

2
zNm be the number of A-B neighbors in the crystal. If g(m) is the

1Wilson, Proc. Camb. Phil. Soc. 34, 81(1938).
2Gorsky, Zeit. f. Phys. 50, 64(1928).
3Mott, Proc. Phys. Soc. 49, 258(1937).
4Lin, Chinese J. Phys. 3, 182(1939).
5Wang,“Free Energy in the Statistical Theory of Order-Disorder Transformations”, Science Report of National

Tsing Hua University, series A, 30-th anniversary Memorial Number (1941), printed but failed to appear.
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number of arrangements of the atoms for the given value of m, and W (l1, l2,m) the
configurational energy of the crystal, the configurational partition function is

f(m,T, l1, l2) = g(m) exp(−W/kT ).

The equilibrium value m̄ of m is determined from the condition of a maximum of f :

m̄
log f(m̄, T, l1, l2) = 0.

The generalized reactions are given by

Li = kT
d

dli
log f(m̄, T, l1, l2) = kT

dm̄
dli m̄

log f + kT
li

log f = kT
li

log f

= −
li
W (l1, l2, m̄). (1)

To study the change of lattice form in CuAu we divide the face-centred lattice into
four simple cubic sublattices 1, 2, 3, 4*. Let the shortest distance between the sites of
1 and 2, or 3 and 4 be l1, that between the sites of 1 and 3, 1 and 4, 2 and 3 or 2 and 4
be l2, so that the former is the distance between neighbouring Au-Au or Cu-Cu atoms
and the latter that between neighbouring Au-Cu atoms when the crystal is perfectly
ordered. The interaction energies VAA, VAB and VBB are functions of l1, and l2.

If the number of sites of each sublattice is 1
2
N , the number of pairs of sites between

sublattices 1 and 2 must be 4( 1
2
)N = 2N . Denote by m12 the fraction of A-B pairs

among these. Then the number of

A-A pairs is 1

2

[
4

(
N

2
θ1 +

N

2
θ2

)
− 2Nm12

]
= N [θ1 + θ2 −m12],

B-B pairs is 1

2

[
4

(
N

2
{1− θ1}+

N

2
{1− θ2}

)
− 2Nm12

]
= N [2− θ1 − θ2 −m12],

where θi is the fraction of sites of sublattice i occupied by A atoms. Thus the energy
of interaction between the atoms on sublattices 1 and 2 is

N [(θ1 + θ2 −m12)VAA(l1) + 2m12VAB(l1) + (2− θ1 − θ2 −m12)VBB(l1)].

Writing

c =
1

4
(θ1 + θ2 + θ3 + θ4) and V =

1

2
(VAA + VBB)− VAB,

we get the energy of the whole crystal

W = N [4cVAA(l1) + 4(1− c)VBB(l1)− 2(m12 +m34)V (l1)]+

N [8cVAA(l2) + 8(1− c)VBB(l2)− 2(m13 +m14 +m23 +m24)V (l2)]. (2)
*Cf. Fig.27 in Rev. Mod. Phys. 10, 1(1938).
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With this value for W , (1) becomes

L1 = −N [4cV ′
AA(l1) + 4(1− c)V ′

BB(l1)− 2(m̄12 + m̄34)V
′(l1)], (3)

and

L2 = −N [8cV ′
AA(l2) + 8(1− c)V ′

BB(l2)− 2(m̄13 + m̄14 + m̄23 + m̄24)V
′(l2)]. (4)

To solve for l1 and l2 as functions of T we must first know the m̄’s, which are
usually very complicated. Wilson1 discussed the values of l1 and l2 only in the cases
when the alloy is disordered and when the order is nearly perfect. We shall also confine
our attention to these cases.
(i) Disordered. In this case there is no difference between the four sublattices so that
all the m̄ij ’s are equal to m̄. (3) and (4) reduce to

L1 = −N [4cV ′
AA(l1) + 4(1− c)V ′

BB(l1)− 4m̄V ′(l1)],

L2 = −N [8cV ′
AA(l2) + 8(1− c)V ′

BB(l2)− 8m̄V ′(l2)].
(5)

If L1 = L2 = 0, this shows that l1 = l2, so that the crystal is cubic.

(ii) Order nearly perfect. When c = 1
2
, and the order is nearly perfect,

θ1 = θ2 ∼= 1, θ3 = θ4 ∼= 0, θ1 + θ3 = 1, θ1 − θ3 = s.

There are only a few B atoms on sublattices 1 and 2. Hence approximately

m̄12 = (1− θ1) + (1− θ2) = 2θ3 = 1− s.

By the same reason we can obtain the number of A-A pairs of neighbours between the
sublattices 1 and 3:

N(θ1 + θ3 − m̄13) = 4

(
1

2
Nθ3

)
.

Thus
m̄13 = θ1 − θ3 = s.

We can now write down all the m̄’s:

m̄12 = m̄34 = 1− s, m̄13 = m̄23 = m̄14 = m̄24 = s.

These equations are correct to the first order of (1− s). Substituting them into (3) and
(4) we obtain

L1 = −2N [V ′
AA(l1) + V ′

BB(l1)− 2(1− s)V ′(l)],

L2 = −4N [V ′
AA(l2) + V ′

BB(l2)− 2sV ′(l2)].

These are exactly equations (27) in Wilson’s paper, from which an expression of the
degree of tetragonality in agreement with Gorsky’s measurements2 can be obtained.
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3. THE EFFECT OF THE CHANGE OF LATTICE CONSTANTS
ON THE INTERACTION ENERGY

In the alloy CuAu the gold atoms and the copper atoms are in contact when the
order is perfect. Since the copper atom is somewhat smaller than the gold atom, the
size of the crystal must increase when gold atoms exchange their positions with copper
atoms. Thus with increasing disorder the distance between the atoms increases and
hence the interaction energies diminish. The disordering process is therefore effected
with more ease near the critical temperature than it is at lower temperatures; and we
expect the specific heat at constant pressure to possess a steeper and higher maximum
at the critical temperature than the specific heat at constant volume.

Now we shall calculate in length the specific heat at constant pressure of the alloy
β-brass, which forms the simplest type of superlattice that can be studied statistically.
Bethe’s method will be used.

The configurational energy of the crystal is, in Easthope’s6 notations:

W = −NABV +
1

2
Nz[c(VAA − VBB) + VBB]. (6)

Substitution of this expression into (1) gives

0 = −m̄V ′(l) + c[V ′
AA(l)− V ′

BB(l)] + V ′
BB(l),

when the pressure is put equal to zero. Now the variation of V is not very large, so
that to a sufficient approximation we may assume the linear relations

[V ′
AA(l)− V ′

BB(l)]/V
′(l) = −K0 +K1V, (7)

and
V ′
BB(l)/V

′(l) = −J0 + J1V. (8)

These three last equations give, after eliminating V ′
AA(l) and V ′

BB(l):

V =
m̄+ (cK0 + J0)

cK1 + J1
. (9)

We have already seen that V increases as m̄ increases, hence cK1+J1 must be positive.
The other constant cK0+J0 must also be positive in order that V may be positive with
only a relatively small variation.

Eisenschitz7 has calculated the specific heat at constant pressure by Bragg-Williams’
method. He assumed that the interaction energies depend on a parameter u in the fol-
lowing way:

1

2
(VAA + VBB) = ϕ[(1− a) + a(1− u)2], VAB = ϕbu2,

6Easthope, Proc. Camb. Phil. Soc. 33, 502(1937); 34, 68(1938).
7Eisenschitz, Proc. Roy. Soc. 68, 546(1938).
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where a = .225, b = .203 and u is of the order of unity. Comparing this with (7) and
(8) we see that his assumption is equivalent (approximately) to ours if 1

2
K0+J0 = 1.22

and 1
2
K1+J1 = .508× 1014erg−1. But with these values the specific heat at the critical

temperature would be too large. In order to make (Cp)Tc = 5.1R as given by the
measurements of Sykes and Wilkinson8 we assume (cf. eq.(12) below)

1

2
K0 + J0 = 1.79.

With this value for 1
2
K0 + J0, the relative variation of V can be shown to be within

1.3%.
We can now start from (9) and the equations given by Easthope6 for the deter-

mination of m̄ as a function of the temperature and V to obtain the specific heat at
constant pressure:

Cp =
dW
dT =

(
W

m̄

)
l

dm̄
dx

dx
dT +

(
W

l

)
m̄

dl
dT =

(
W

m̄

)
l

dm̄
x

dx
dT . (10)

But
dx
dT =

xV /kT 2

1 + x
kT

dV
dm̄

dm̄
dx
. (11)

Hence by (6)

Cp =
1
2
Nzkx(logx)2(−dm̄

dx )

1 + x log x
m̄+(cK0+J0)

(−dm̄
dx )

. (12)

The value of this expression is calculated for the case c = 1
2
, the constant 1

2
K0+J0 being

assumed to be 1.79 to make (Cp)Tc = 5.1R. The result is plotted in the accompanying
figure together with Bethe’s curve9 for CV and Sykes ad Wilkinson’s experimental8

data.

Fig. 1 Configurational specific heat of β-brass.

8Sykes and Wilkinson, Inst. Metals J. 61, 223(1937).
9Nix and Shockley, Rev. Mod. Phys. 10, 1(1938).
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4. THE EFFECT OF THE ATOMIC DISTRIBUTION ON THE
INTERACTION ENERGY

As has already been mentioned, the interaction energy depends in some very com-
plicated manner upon the degree of order. To study the effect of such a dependence
Lin4 has assumed a linear relationship:

V = V0(1 + αc+ βmAA) (13)

between the interaction energy: V and the fraction of A-A pairs of neighbours: mAA.
In this section we shall study the general nature of the variation of V in the light of the
theory of the free energy in Bethe’s approximation given by Wang5.

The fundamental equations in Wang’s paper are (45), (46) and (39) with ξα and
ξβ given by (47), (48), (49) and (50). These equations are still assumed to be valid now
V becomes a function of θα, θβ and T . They may be put into the form:

d
dθα

logQ = −Nrα log ξα =
θα

logQ0(θα, θβ, V /T ), (14)

d
dθβ

logQ = −Nrβ log ξβ =
θβ

logQ0(θα, θβ, V /T ), (15)

E = kT 2 d
dT logQ, (16)

where Q0 is the partition function for the case when V is a constant, if we denote by

θα
,

θβ
,

T
and

V
differentiations when θα, θβ, T and V are regarded as independent

of each other, and by d
dθα the operator

θα
+ dV

dθα V
. (14) and (15) mean that we

have assumed with Lin that the equilibrium values of θα and θβ are given by the same
equations as in Bethe’s approximation. (16) gives the energy of the crystal.

Consistency of (14) and (15) requires

d
dθα

(
θβ

logQ0

)
=

d
dθβ

(
θα

logQ0

)
,

i.e.
dV
dθα

2

θβ V
logQ0 =

dV
dθβ

2

V θα
logQ0. (17)

Upon the hypothesis of nearest neighbour interaction the energy in Wang’s paper
becomes

E0 = kT 2

T
logQ0 = zNVmAA.

But Q0 depends on T and V through V /T , so that
2

θα V
logQ0 = −T

V

2

T θα
logQ0 = − E0

θα
/kTV.
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Substituting this eq. and a similar one into (17) we obtain

E0

θβ

dV
dθα

=
E0

θα

dV
dθβ

, (18)

which becomes, if E0

V
dV
dθα

dV
dθβ is added to both sides,

dE0

dθα
dV
dθβ

=
dE0

dθβ
dV
dθα

.

This shows that V and E0 are connected by a relation independent of θα and θβ, i.e.

V = V (E0, T ). (19)

A consequence of this result is that the coefficient α in Lin’s relation (13) must be zero.
This makes, however, the maximum critical temperature for the AB type of superlattice
to shift to a value of the concentration different from 1

2
, which contradicts experimental

results. One way out of the difficulty is to make some other assumption regarding the
dependence of V on the degree of order, such as

V = V0

[
1 + βmAA − β(z − 1)

2c(cz − 1)
m2

AA

]
. (20)

Let us now try to find E in the general case. From (14) and (16) we get

dE
dθα

= kT 2 d
dT

(
θα

logQ0

)
= kT 2 d(V

T
)

dT

2

θα (V
T
)

logQ0 = −T
2

V

d(V
T
)

dT
E0

θα
. (21)

Similarly

dE
dθβ

= −T
2

V

d(V
T
)

dT
E0

θβ
.

Hence
dE
dθα

E0

θβ
=

E0

θα

dE
dθβ

.

Just as (18) leads to (19), this last equation leads to

E = E(E0, T ).

Substituting this into (21) we obtain

E

E0

(
E0

θα
+

E0

V

V

θα

)
=

E0

θα

(
1− T

V

dV
dT

)
.

But (19) gives

dV
dθα

=

E

θα

V

E0

1− V

E0

E0

V

and dV
dT =

V

T
+

V

E0

E0

T

1− V

E0

E0

V

.
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Hence

E

E0

=

(
1− V

E0

E0

V

)(
1− T

V

dV
dT

)
= 1− V

E0

E0

V
− T

V

dV
dT − T

V

V

E0

E0

T
.

Now E0/V is a function of θα, θβ and V /T , so that

E0

V
= −T

V

E0

T
+

E0

V
.

Hence
E

E0

= 1− E0

V

V

E0

− T

V

V

T
. (22)

If V depends on mAA only, and not on T , we have

E

E0

= 1− E0

V

dV
dE0

= V
d(E0/V )

dE0

.

The boundary condition is given by the case when there is no A atoms, i.e. when
θα + θβ = 0. In this case mAA = 0, E0 = E = 0. Hence

E =

∫ E0

0

[
V

d(E0/V )

dE0

]
dE0 = zN

∫ mAA

0

V dmAA. (23)

If the assumption (20) is made, the energy of the crystal is

E = zNV0

[
mAA +

β

2
m2

AA − β(z − 1)

6c(cz − 1)
m3

AA

]
.

When β is not large, this differs very little in numerical value from Bethe’s original
expression. The specific heat is

CV = zNV
dmAA

dT = zNV
dmAA

dx

xV
kT 2

1 + x
kT

dV
dx

= zNkx(logx)2 dmAA

dx
1

1 + x
kT

dV
dmAA

dmAA

dx
.

The author is very much indebted to Prof. J. S. Wang for suggesting this problem
and for helpful discussions.
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A GENERALIZATION OF THE
QUASI-CHEMICAL METHOD IN THE

STATISTICAL THEORY OF
SUPERLATTICES

By C. N. Yang*

National Tsing Hua University,

Kunming, China

ABSTRACT

The quasi-chemical method introduced by Fowler and Guggenheim for the equilib-
rium distribution of pairs of sites in a superlattice is generalized. It is shown that by
considering groups containing large numbers of sites the method may be used to obtain
successive approximations of the free energy of the crystal. To analyze the fundamental
assumption underlying the method more closely, the hypothesis of the non-interference
of local configurations is discussed. The free energy of the crystal is obtained without
integration as a closed algebraic expression with the aid of a Legendre transformation.
Applications of the results are then made to different approximations for simple and
body-centred cubic crystals and for the face-centred cubic crystal Cu3Au. In each case
the free energy is obtained and discussed.

*Research Fellow of the China Foundation for the Promotion of Education and Culture.
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1. INTRODUCTION

It was shown by Fowler and Guggenheim1 that the quasi-chemical method, orig-
inally devised for the theory of regular solutions, applies equally well to the theory
of superlattices with long-distance order. The method is, as they have emphasized,
definitely one stage further towards an exact theory than Bragg-Williams’ method2.
When compared with Bethe’s3 or Kirkwood’s4 method it also distinguishes itself in
mathematical simplicity. But to be a method that may lead to a consistent scheme
of successive approximations, it must be applicable to the n-th approximation in the
theory of superlattices. This does not, however, seem possible in the original form of
the method given by Fowler and Guggenheim. It is the purpose of the present paper
to formulate the quasi-chemical method in a new way which is applicable to high order
approximations in the theory of superlattices.

The free energy expression in Bethe’s and in the quasi-chemical methods involves
an integral. Its evaluation is very complicated and has been carried out1,5 so far only
in Bethe’s approximation for simple and body-centered cubic crystals. In the new
formulation of the quasi-chemical method, however, it will be shown that a Legendre
transformation helps much in avoiding the mathematical difficulties. (It might be no-
ticed that a similar Legendre transformation is used to essentially the same effect in
Fowler’s formulation of general statistical mechanics. Cf. Fowler, Statistical Mechan-
ics, second edition, p.188.) The free energy is obtained directly as a closed algebraic
expression. Its values are given for Bethe’s first and second (modified) approximations
and for the face-centered alloy Cu3Au in sections 7 and 8.

To make sure that the quasi-chemical method may actually be used to obtain a
series of successively better approximations, we must investigate the free energy in
high order approximations and compare it with the partition function of the crystal.
This is done in section 5 together with a comparison of the quasi-chemical and Bethe’s
methods.

Except in the last section we are only concerned with binary alloys with atomic
ratio 1:1 forming a (quadratic), simple cubic or body-centered cubic lattice. The
generalization of the method to the investigation of alloys with other atomic ratios
and forming other types of lattices is easy. In fact, the superior power of the quasi-

1Fowler and Guggenheim, Proc. Roy. Soc. A174, 189 (1940).
2Bragg and Williams, Proc. Roy. Soc. A145, 699 (1934); 151, 540 (1935); 152, 231 (1935).
3Bethe, Proc. Roy. Soc. A150, 552 (1935).
4Kirkwood, J. Chem. Phys. 6, 70 (1938).
5Chang, Proc. Camb. Phil. Soc. 35, 265 (1939); Kirkwood, J. Chem. Phys. 8, 623 (1940); Wang, “Free Energy

in the Statistical Theory of Order–Disorder Transformation”, Science Report of National Tsing Hua University,
Series A, 30-th Anniversary Memorial Number (1941), printed but failed to appear.
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chemical method appears to be even more fully revealed when a face-centered lattice
is treated. This problem is taken at the end of the paper where an approximate free
energy expression for Cu3Au is obtained and its critical phenomena discussed.

2. REFORMULATION OF THE QUASI-CHEMICAL METHOD

Consider a crystal AB. Let 2N be the total number of atoms and z the number
of nearest neighbours of each. At low temperatures we can distinguish between the
so-called α-sites and β-sites for A and B atoms respectively. Denote by Nr the number
of A atoms on α-sites. Let

1− r = w, r − w = s.

The partition function of the crystal is∑
r

p(r, T ), (1)

where p(r, T ) is equal to
∑

exp(−E/kT ) over all possible configurations of the crystal
with the given value of r. The average energy over all these configurations is

E(r, T ) = kT 2

T
log p(r, T ). (2)

But evidently,

p(r,∞) = g(r) =

[
N !

(Nr)!(Nω)!

]2
. (3)

Hence
log p(r, T ) = log g(r) +

∫ T

∞

1

kT 2
E(r, T )dT. (4)

The problem therefore reduces to one of finding E(r, T ). Since a direct solution is very
difficult we shall try to find an approximate solution by the quasi-chemical method,
which is presented below in a form easily generalizable.

There are in the crystal zN nearest pairs of sites α-β. Among these let there be
[qα, qβ] with their α-sites occupied by qα (= 0, 1) wrong (B) atoms and their β-sites by
qβ (= 0, 1) wrong (A) atoms. For given r the following relations hold:

[0, 1] + [0, 0] + [1, 1] + [1, 0] = zN,

[1, 1] + [1, 0] = zNw, (5)

[0, 1] + [1, 1] = zNw.

Upon the approximation of neighbour interaction the energy of the crystal may be
written as

E(r, T ) = [0, 1]VAA + [0, 0]VAB + [1, 1]VAB + [1, 0]VBB, (6)
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where the V ’s are the interaction energies between a pair of nearest neighbours.
We may give (5) and (6) a different interpretation by imagining [0,1], [0,0], [1,1],

[1,0] and VAA, VAB, VAB, VBB to be respectively the numbers and the molecular inter-
nal energies of the four different kinds of molecules XZ, X, XY Z, XY of a gaseous
assembly. The interpretation of (6) is that the assembly has the same internal (non-
kinetic) energy as the crystal at the given value of r. (5) would mean that there are
altogether zN X atoms, zNw Y atoms and zNw Z atoms in the assembly.

The quasi-chemical method consists in taking the averages [0, 1], [0, 0], [1, 1], [1, 0]

of the assembly at any temperature as approximately representing the corresponding
averages of the crystal at the same temperature. Whether this approximation is good
can only be judged for the present from the results it leads to.

A detailed treatment of the problem of a gaseous assembly has been given by
Fowler6. We are only interested in our assembly of four different kinds of molecules, for
which the results may be summarized as:

[0, 1] = ξνe−VAA/kT , [0, 0] = ξe−VAB/kT ,

[1, 1] = ξµνe−VAB/kT , [1, 0] = ξµe−VBB/kT ,
(7)

where ξ, µ and ν are to be determined from (6). From (7) we get

[0, 0] [1, 1]

[0, 1] [1, 0]
= x−2, (8)

where
x = exp

[
−1

2
(VAA + VBB − 2VAB)/kT

]
. (9)

(8) and (6) together form the starting point of Fowler and Guggenheim’s work1. The
subsequent calculations of E(r, T ), p(r, T ) and the free energy of the crystal are straight-
forward and will not be repeated here. We shall see later how the free energy can be
written down directly without actual integration.

3. GENERALIZATION TO GROUPS OF FOUR SITES

So far we have fixed our attention on the pairs of nearest neighbours in the crystal
and have used the quasi-chemical method to obtain the average numbers of the four
different kinds of pairs. Now we shall generalize the whole procedure: we shall study
all the groups of sites of an arbitrarily chosen form in the crystal, and classifying these
groups according to the way they are occupied by atoms we shall obtain the average
number of groups in each class by chemical analogy.

6Fowler, Statistical Mechanics, second edition, pp. 162–163.
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β α β α β

α β α β α

β α β α β

α β α β α

Fig. 1

To make this clear let us consider in detail groups of four sites forming squares (as
shown) in a quadratic lattice. We classify these groups into 24 = 16 classes denoted by
(0,0,0,0), (0,0,0,1),· · · , (1,1,1,1) respectively, so that all groups in the class (q1, q2, q3, q4)
have q1 wrong atoms in their upper α-sites, q2 wrong atoms in their lower α-sites, q3
wrong atoms in their upper β-sites and q4 wrong atoms in their lower β-sites. The total
number of these groups is N . Hence

1∑
qi=0

[q1, q2, q3, q4] = N, (10)

where [q1, q2, q3, q4] is an abbreviation for the number of groups in the class (q1, q2, q3, q4).
Now the number of all those groups in the crystal with a wrong (B) atom on the upper
α-site is just the number of B atoms on the α-sites. Hence∑

q

qi[q1, q2, q3, q4] = Nw, i = 1, 2, 3, 4. (11)

Let χ(q1, q2, q3, q4) be the energy of each group in the class (q1, q2, q3, q4). It is easy to
show that the total energy of the crystal is

E(r, T ) =
∑
q

[q1, q2, q3, q4]χ(q1, q2, q3, q4). (12)

We may give (10), (11) and (12) an interpretation similar to the one given in section
2 for equations (5) and (6). The same quasi-chemical method used there to obtain (7)
leads now to the following averages (approximate) at a given value of r:

[q1, q2, q3, q4] = ξµ1
q1µ2

q2µ3
q3µ4

q4e−χ(q1,q2,q3,q4)/kT . (13)

In this expression the parameters ξ, µ1, µ2, µ3 and µ4 are to be determined from (10)
and (11), which may be written in the form

ξ
ϕ

ξ
= N, µi

ϕ

µi

= Nw (i = 1, 2, 3, 4), (14)

if we put
ϕ(ξ, µ1, µ2, µ3, µ4) =

∑
q

ξµ1
q1µ2

q2µ3
q3µ4

q4e−χ(q1,q2,q3,q4)/kT . (15)
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Or again, in the form

Ψ

log ξ =
Ψ

logµ1

=
Ψ

logµ2

=
Ψ

logµ3

=
Ψ

logµ4

= 0, (16)

if we put
Ψ = −N log ξ −

∑
i

Nw logµi + ϕ. (17)

It can be shown7 that ξ and µi are uniquely determined by (16) at given r and T . Their
values at T = ∞ are

(ξ)T=∞ = Nr4, (µi)T=∞ =
w

r
, i = 1, 2, 3, 4, (18)

as can be verified by substitution into (14).
To calculate the free energy it is necessary first to evaluate the integral in (4). We

shall show that this can be done without first solving (14) for ξ and µi. For, by (12)
and (13) the integrand may be written

1

kT 2
E(r, T ) =

1

kT 2

∑
q

[q1, q2, q3, q4]χ(q1, q2, q3, q4) =
ϕ

T
. (19)

In the partial differentiation in ϕ

T
, ξ and µi are treated as independent variables. If,

however, we regard them as functions (defined by (14)) of r and T , (16) and (17) lead
to the following result:

1

kT 2
E(r, T ) =

ϕ

T
=

2Ψ(r, T )

T
. (20)

Mathematically the change of the independent variables from T , ξ and µi to T and r

is equivalent to the Legendre transformation

ξ, µ1, µ2, µ3, µ4 → N, Nw, Nw, Nw, Nw

defined by (14). Substituting (20) into (4) we get

log p(r, T ) = log g(r) + Ψ(r, T )− Ψ(r,∞), (21)

so that the free energy may be written down:

F (r, T ) = −kT log p(r, T ) = [log g(r) + Ψ(r, T )− Ψ(r,∞)](−kT ). (22)

The equilibrium value r of r is obtained by minimizing F :

0 =
F (r, T )

r
= −kT

[
d log g(r)

dr +
Ψ(r, T )

r
− Ψ(r,∞)

r

]
. (23)

7The proof follows easily (if we put eψ to be the function Φ) from Lemma 2.42 of Fowler’s Statistical Mechanics,
second edition.
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But by (16) and (17)
Ψ(r, T )

r
=
∑
i

N logµi, (24)

and by (3)
d log g(r)

dr = 2N log w
r
,

so that by (18) ∑
i

logµi = −2 log w
r
+

[∑
i

logµi

]
T=∞

= 2 log
(
w

r

)
,

i.e. ∏
i

µi =

(
w

r

)2

. (25)

It will be shown in the next section that we may put VAA = VBB, VAB = 0, without
altering the specific heat of the crystal if V = 1

2
(VAA + VBB)− VAB is left unchanged.

When this is done, ϕ will be symmetrical with respect to µ1, µ2, µ3 and µ4, and we
conclude that all the µ’s are equal from the facts that (i) equation (14) has only one set
of solution7, and (ii) if the conclusion is true (14) becomes, with all µi put equal to µ,

ξ
ϕ

ξ
= N, µ

ϕ

µ
= 4Nw, (26)

which does have7 a set of solution in ξ and µ. Now ϕ is given by

ϕ = ξ[1 + 4µx2 + (4µ2x2 + 2µ2x4) + 4µ3x2 + µ4], (27)

where x is defined by (9). On eliminating ξ from (26) we obtain

(1 + s)µ4 + (2 + 4s)x2µ3 + 2sx2(x2 + 2)µ2 + (4s− 2)x2µ+ (s− 1) = 0. (28)

The free energy is given by (21) and (18):

−F (r, T )
2NkT

= r log r+w logw− 2w logµ+ 1

2
log(1+4µx2+4µ2x2+2µ2x4+4µ3x2+µ4),

(29)
and the condition of equilibrium by (25):

µ =

√
1− s

1 + s
. (30)

To obtain the critical temperature, we expend (28) in powers of s and find after iden-
tifying coefficients

logµ = −1 + 6x2 + x4

2 + 2x2
s+ κs3 + · · · ,



Investigations in the Statistical Theory of Superlattices – 63 –

which is the only real solution for logµ. Next we expand (30):

logµ = −s− 1

3
s3 − · · · .

At the critical value xc of x, these last two equations have a multiple solution at s = 0.
Hence

−1 + 6xc
2 + xc

4

2 + 2xc2
= −1,

i.e.
xc = (

√
5− 2)

1/2
= .4858 .

4. GENERAL FORM OF THE QUASI-CHEMICAL METHOD

Let us now take a group of any size and form. Let it have a α-sites b β-sites and
γ pairs of nearest neighbours. The procedures to obtain an approximate expression
for the free energy of the crystal follow exactly the same line as in the special case
considered in the last section. Equations (13), (14) and (18) are essentially unchanged:

[q1, q2, . . .] = ξµq1
1 µ

q2
2 · · · e−χ/kT , (31)

ϕ =
∑
q

ξµq1
1 µ

q2
2 · · · e−χ/kT , ξ

ϕ

ξ
= N, µi

ϕ

µi

= Nw, (32)

and
(µi)T=∞ =

w

r
. (33)

But (12) should be corrected by a factor γ
z

to account for the duplications in calculating
E from the sum of the energies of all the groups in the crystal:

E =
z

γ

∑
q

[q1, q2, . . .]χ(q1, q2, . . .) =
z

γ
kT 2 ϕ

T
. (34)

Hence (22) becomes*

F (r, T ) = −kT
[
log g(r) + z

γ
Ψ(r, T )− z

γ
Ψ(r,∞)

]
, (35)

or more explicitly, by (3), (17), and (33):

F (r, T ) = −zNkT
γ

[
logN +

(
a+ b− 2γ

z

)
(r log r + w logw)− log ξ − w

∑
i

logµi

]
.

(36)
*Care must be taken when the theory is extended to the case when the atomic ratio is not 1:1. The function

Ψ in (35) must then be replaced by 1
2
Ψ + 1

2
Ψ ′ where Ψ ′ is the function Ψ for the case when the group of interest

has the same form as the original one but with α and β sites interchanged.
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The derivative is

r
F (r, T ) = −zNkT

γ
log
[(∏

i

µi

)( r
w

)a+b− 2γ
z

]
, (37)

so that the condition of equilibrium is

∏
i

µi =

(
w

r

)a+b− 2γ
z

. (38)

In actual calculations the following points may prove helpful:
(i) The free energy is changed by a constant if VAA and VBB are both replaced by

1/2(VAA + VBB)− VAB, and VAB by 0. To prove this let zi be the number of sites in
the group neighbouring to the site i. Let χ be changed into χ′ by the replacement. It
is evident that

χ′ − χ = −γVAB +
VAA − VBB

2
(no. of B-B pairs − no. of A-A pairs),

and that ∑
α-sites

qizi −
∑

β-sites

qizi = no. of B-B pairs − no. of A-A pairs.

Hence
[q1, q2, . . .] = ξµq1

1 µ
q2
2 · · · e−χ/kT = ξ′µ′q1

1 µ′q2
2 · · · e−χ′/kT ,

if we put
ξ′ = ξe−γVAB/kT , µ′

i = µie±zi(VAA−VBB)/2kT ,

where the + sign or the − sign is to be taken according as the site i is an α or a β site.
We can now calculate the new free energy and verify the above statement.

(ii) Sites that are symmetrically situated in the group have equal µ’s irrespective of
their nature if VAA = VBB, VAB = 0. This has already been shown in the last section.
Since the most troublesome part of the calculations is the elimination of the parameters,
much might be gained by choosing a group with a large number of sites symmetrically
situated.

(iii) The free energy is a function of s2, so that (38) is always satisfied at w = r = 1/2

(i.e. long distance order = 0). The proof is simple when we have already made
VAA = VBB, VAB = 0, so that an interchange of A and B atoms does not alter the
energy. Thus

χ(q1, q2, . . .) = χ(1− q1, 1− q2, · · · ).

Putting
ξ′ = ξµ1µ2 · · ·
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and
µ′
i =

1

µi

, (39)

we get
ξµ1

q1µ2
q2 · · · e−χ/kT = ξ′µ′ 1−q1

1 µ′ 1−q2
2 · · · e−χ/kT .

Thus if (32) is satisfied∑
q

(1−qi)ξ′µ′ 1−q1
1 µ′ 1−q2

2 · · · e−χ/kT =
∑
q

ξµ1
q1µ2

q2 · · · e−χ/kT−
∑
q

qiξµ1
q1µ2

q2 · · · e−χ/kT

= Nr,

i.e. ξ′, µ′
1, µ′

2, …would be the solution of (32) with r substituted for w. Hence by (32)
and (17)

Ψ(1− r, T ) = N −N log ξ′ −
∑
i

Nr logµ′
i = Ψ(r, T )

showing that
F (1− r, T ) = F (r, T ). (40)

(iv) The parameter for a corner site is always given by

ϵ =
1

1 + s
(
√
x2s2 + (1− s2)− sx) (41)

irrespective of the size of the group, if VAA = VBB, VAB = 0. By a corner site we mean
a site that has only one nearest neighbour in the group. Let ϵ be the selective variable
(parameter) of a corner site, and µ1 that of its only neighbour in the group. If the
corner site is dropped, a new group is obtained. We distinguish all quantities referring
to this new group by a prime, and obtain at once

ξ′
ϕ′

ξ′
= N, µ′

i

ϕ′

µ′
i

= Nw, i = 1, 2, · · · . (42)

The sites of the primed group are numbered in the same way as in the unprimed group.
Introducing the variable χ defined in (9) we may write

ϕ =
∑
p,q

ξϵpµq1
1 µ

q2
2 · · · e−χ/kT

=
∑
q2,...

ξ(1 + ϵx)µq2
2 µ

q3
3 · · · e−χ′/kT + µ1

∑
q2,...

ξ(ϵ+ x)µq2
2 · · · e−χ′/kT .

(43)

Let these two terms be denoted by ϕ0 and ϕ1 respectively. Since

ϕ = N, µ1
ϕ

µ1

= Nw,

we have
ϕ0 = Nr, ϕ1 = Nw. (44)
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Now
ϵ
ϕ0

ϵ
=

ϵx

1 + ϵx
ϕ0, ϵ

ϕ1

ϵ
=

ϵ

ϵ+ x
ϕ1.

Hence ϵ ϕ
ϵ
= Nw leads to

ϵx

1 + ϵx
Nr +

ϵ

ϵ+ x
Nw = Nw, (45)

or
w

r
=
ϵ(ϵ+ x)

1 + ϵx
, (46)

the solution of which is (41). Thus the two parameters µ and ν in the approximation
discussed in section 2 are equal to ϵ.

(v) The “contribution” to the free energy from a corner atom is such that, in the
notations of (iv).

F (r, T ) =
γ − 1

γ
F ′(r, T ) +

1

γ
F0(r, T ), (47)

where F0(r, T ) is the free energy when γ = 1, i.e. the free energy in the approximation
discussed in section 2. This is proved as follows.

If we put
ξ = ξ′′

1

1 + ϵx
, µ1 = µ′′

1

1 + ϵx

ϵ+ x
, µi = µ′′

i , i ≥ 2, (48)

it is evident from (43) that ϕ would become a function of ξ′′, µ′′
1 , µ′′

2 , · · · satisfying the
relations

ξ′′
ϕ

ξ′′

(
= ξ

ϕ

ξ

)
= N, µ′′

i

ϕ

µ′′
i

(
= µi

ϕ

µi

)
= Nw, i = 1, 2, · · · . (49)

It is also evident that ϕ is the same function of ξ′′, µ′′
1 , µ′′

2 , · · · as ϕ′ is of ξ′, µ′
1,

µ′
2, · · · . Now (42) has only one7 set of solution in ξ′ and µ′

i. Hence from (49) we infer
that ξ′ = ξ′′, µ′

i = µ′′
i . Thus

ξ = ξ′
1

1 + ϵx
, µ1 = µ′

1

1 + ϵx

ϵ+ x
, µi = µ′

i, i ≥ 2. (50)

(41) and (50) give the parameters µi in terms of µ′
i. Inserting them into (36) we obtain

F (r, T ) = −NkT z
γ

[
logN +

(
a+ b− 2γ

z

)
(r log r + w logw)− log ξ′ − w

∑
i

logµ′
i+

r log(1 + ϵx) + w log(ϵ+ x)− w log ϵ
]

=
γ − 1

γ
F ′(r, T )−NkT

z

γ

[(
1− 2

z

)
(r log r + w logw)+

r log(1 + ϵx) + w log ϵ+ x

ϵ

]
. (51)
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If the original (unprimed) group is a pair of nearest neighbours, we have γ = 1, and
(51) reduces to the expression for the free energy in the approximation discussed in
section 2:

F0(r, T ) = −zNkT
[(

1− 2

z

)
(r log r + w logw) + r log(1 + ϵx) + w log ϵ+ x

ϵ

]
. (52)

Inserting this back into (51) we get (47).

5. COMPARISON WITH BETHE’S METHOD

The so-called local grand partition function1,3,8 in Bethe’s approximations with
long-distance order is identical in form with our function ϕ when all the “interior sites”
in the group have the same parameter µ. For the case of equal concentrations for the
two kinds of atoms, which is the case so far considered, this parameter has been put
equal to unity by Bethe. Since the different terms of the local grand partition function
stand for the probabilities of occurrence of the corresponding local groups in the crystal,
it is clear that Bethe’s method with long-distance order is essentially equivalent to our
method plus the assumption that the free energy (35) has a minimum when

(µ)interior sites = 1. (53)

But as we have shown that (38) gives the condition of a minimum of the free energy,
the complete* identification of Bethe’s and the quasi-chemical methods in any approx-
imation reduces to the mathematical proof of the equivalence of (38) and (53). While
this presents no difficulty at all for Bethe’s first approximation (section 7), a general
proof is by no means easy. We can only satisfy ourselves with the assertion that the
two methods are equivalent for large groups, i.e. groups for which

a+ b−2γ

z
≪ γ.

This follows from the fact that if (53) is true[(∏
µi

)( r
w

)a+b− 2γ
z

] 1
γ

∼=
[∏

(µ)interior sites

] 1
γ

= 1,

so that by (37)

r
F (r, T ) = 0.

8Easthope, Proc. Camb. Phil. Soc. 33, 502 (1937).
*“complete” as far as the probabilities of occurrence of the local configurations are concerned. The energy

calculations are different in the two methods.
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To see how the equilibrium free energy F (r̄, T ) varies with T in high order approx-
imations, we substitute (38) into (36) and make use of (32):

− F

zNkT
=

1

γ
log
(∑

q

µq1
1 µ

q2
2 · · · e−χ/kT

)
+

1

γ

(
a+ b− 2γ

z

)
log r.

The last term is very small for large groups, so that by (53)

− F

zNkT
=

1

γ
log
(∑

e−χ/kT
)
.

6. THE NON-CINTERFERENCE OF LOCAL CONFIGURATIONS

Let us return to the fundamental assumption of the quasi-chemical method, i.e.
to (31) which gives the average numbers of the different local configurations (so far
called groups) in the crystal. This equation expresses the exact distribution law of an
assembly of molecules (cf. the example in section 2) which has an energy γ/z times as
large as the crystal. Distinguishing all quantities referring to the assembly of molecules
by a subscript m, we get

F (r, T ) + kT log g(r) = z

γ
[Fm(r, T ) + kT log gm(r)],

which is obtained from (4). But if H is the number of arrangements in the crystal
lattice having the given values of [q1, q2, . . .],

F (r, T ) = −kT logH + E. (54)

Thus
log H

g(r)
=
z

γ
log Hm

gm(r)
.

But*

Hm =
N !∏

q

[q1, q2, . . .]!
, (55)

hence dropping the bar we get

H = h(r)

{
N !∏

q

[q1, q2, . . .]!

}z/γ

, (56)

where
h(r) =

g(r)

{gm(r)}z/γ
. (57)

*Fowler, Statistical Mechanics, second edition, sections 2.6 and 5.11.
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Equation (56) has been referred to in Fowler and Guggenheim’s paper1 as the math-
ematical expression of the “hypothesis of the non-interference of local configurations”,
because when γ/z = 1, the number of arrangements in the crystal consistent with the
distribution law [q1, q2, . . .] for the groups of sites is, except for the factor h(r), equal to

Hm =
N !∏

q

[q1, q2, . . .]!
,

which is the number of arrangements in the crystal for the given values of [q1, q2, . . .] if
the N groups in the crystal are imagined to be separated and are filled independently
with atoms. The term “non-interference” comes from the fact that actually the N

groups are not separated but are interlocked and cannot be filled independently with
atoms, i.e. they “interfere” with each other.

To find the value of gm(r) we notice that by definition gm =
∑
Hm. But

∑
Hm is

the number of arrangements in the N separated groups considered above if they are to
be so filled with atoms that Nw of them have wrong atoms on the sites i, i = 1, 2, ....
Among the N sites i of the N groups N !

(Nr)!(Nw)!
different arrangements are possible.

Hence*

gm =
∑

Hm =
∑ N !∏

q

[q1, q2, . . .]!
=

[
N !

(Nr)!(Nw)!

]a+b

. (58)

Thus

h(r) =

[
N !

(Nr)!(Nw)!

]2−(a+b) zγ

. (59)

The free energy of the crystal may be obtained from (54), (56) and (59):

F (r, T ) = E − zNkT

γ

{(
a+ b− 2γ

z

)
(r log r + w logw) + logN−

1

N

∑
q

[q1, q2, . . .] log [q1, q2, . . .]
}
, (60)

which has been obtained above by integration.

*It might be mentioned in passing that for the special case considered in section 2. (58) gives directly the value
of the sum

∑
x in equation (8.5) of Fowler and Guggenheim’s paper if their r and q are equal. The generalization

to the case r/q is however easy. The result is

∑
x

[zN ]!

[zN(r − x)]![zNx]![zN(1 − r − q + x)]![zN(q − x)]!
=

[zN ]!

[zNr]![zN(1 − r)]!

[zN ]!

[zNq]![zN(1 − q)]!
(60)

which is exact. The value of log
∑
x given by (60) reduces to the approximate expression that Fowler and Guggen-

heim obtained by identifying
∑
x with its maximum term when N is large.
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7. SPECIAL CONSIDERATIONS CONCERNING BETHE’S FIRST
AND SECOND APPROXIMATIONS

(i) First Approximation. If an α-site together with its z nearest neighbours are
taken as our group of interest, all the sites except the central one are corner sites.
Hence their selective variables are all equal to the value of ϵ given in (41). By successive
applications of (47) we see that the free energy is exactly F0(r, T ), a fact which has
already been pointed out by Fowler and Guggenheim1. The selective variable of the
central site is given by successive applications of (50)

λ =
w

r

(
1 + ϵx

ϵ+ x

)z

. (61)

The factor w/r is the selective variable for the central site when it alone forms the
group. The equilibrium condition (38) becomes

λϵz =

(
w

r

)z−1

.

But by (61) and (45),

λ =
(w
r

)1−z

ϵz.

Hence at equilibrium
λ = 1. (62)

Thus the approximation is completely equivalent to Bethe’s first approximation, as
already mentioned in section 5.

(ii) Second Approximation. Now consider the group of sites occurring in Bethe’s
second approximation3. According to section 4, (iv), the selective variables for the
corner sites in the second shell are all equal to ϵ, which is given by (41). But in Bethe’s
original calculations, the selective variables for the corner sites and the medium sites are
made equal, and are found to be different from ϵ. Thus if we use his original method,
equation (32) can not be satisfied. (In other words, the probabilities of occurrence or
wrong atoms in the corner and the medium sites would be unequal.)

For simplicity we shall drop the corner sites and take as our group of interest the
central site, the first shell sites and the medium sites; with selective variables µ, ν and
λ respectively. (The contribution by the corner sites can be included in the free energy
by simple addition as shown in section 4 (v).) With the notations n, and gnm of Bethe3

we find
ϕ = ξ

∑
n

(xn + µxz−n)Pn(x, ν, λ), (63)
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where

Pn(x, ν, λ) = νn
∑
m

gnm[(1 + λ)x]
m
(x2 + λ)

( z2−1)n−m
2 (1 + λx2)

( z2−1)(z−n)−m
2 .

After eliminating ξ and µ, (32) becomes

zw =

2
∑
l,n

xl−n
(
rPnλ

λ
Pl + wPlλ

λ
Pn

)
(z − 2)

(∑
n

xnPn

)(∑
n

x
−n
Pn

) =

∑
l,n

xl−n
(
rPnν

ν
Pl + wPlν

ν
Pn

)
(∑

n

xnPn

)(∑
n

x
−n
Pn

) . (64)

The free energy is obtained from (36):

F (r, T ) = −NkT
z − 1

[
1

2
(z2 − 4z + 4)(r log r + w logw) + r log

∑
n

xnPn+

w log
∑
n

xz−nPn − zw log ν − wz
(z
2
− 1
)

logλ
]
. (65)

8. APPLICATION TO THE CRYSTAL Cu3Au

For the face-centred crystal Cu3Au, we may of course follow Peierls9 and take as
our group a central site together with its twelve first shell neighbours. The free energy
expression would then contain seven selective variables*, four of which can be elimi-
nated. The resultant expression is very cumbersome and numerical calculations would
be laborious. We therefore make a simpler approximation: the group is taken to be
four nearest neighbours forming a tetrahedron. A little geometrical consideration as-
sures us that all such tetrahedrons contain an α-site (for gold atoms) and three β-sites
(for copper atoms), an interesting conclusion showing that the tetrahedron might be

Fig. 2

9Peierls, Proc. Rey. Soc. London A154, 207(1936).
*For α-centred groups, three, and for β-centred, four, parameters are necessary. Both these two kinds of groups

must be considered because otherwise the energy of the crystal cannot be easily obtained from the energy of the
groups in the crystal.
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regarded as a sort of “molecular” structure in a face-centred lattice with atomic ratio
1:3. Our approximation may thus be reasonably expected to reveal the more important
features of order–disorder transformation in such alloys.

Let µ and ν be the parameters (for wrong atoms) of the β-sites and the α-sites re-
spectively. Let there be altogether 4N atoms. It is easy to see that there are 8N groups
in the crystal. When Nw atoms on the α-sites are wrong, the equations determining
the parameters are

8N = ϕ = ξ[x3 + 3x2µ+ 3x3µ2 + x6µ3 + ν(x6 + 3x3µ+ 3x2µ2 + x3µ3)], (66a)

8Nw = ν
ϕ

ν
= ξν(x6 + 3x3µ+ 3x2µ2 + x3µ3), (66b)

and

8N
(w
3

)
+ 8N

(w
3

)
+ 8N

(w
3

)
= µ

ϕ

µ
= 3x2µξ[1 + 2xµ+ x4µ2 + ν(x+ 2µ+ xµ2)],

(66c)

where x is defined by (9). The energy of the crystal is (cf. (34)),

E =
1

2
kT 2 ϕ

T
+ constant; (67)

so that the free energy becomes (cf. (35))

F (w, T ) = −kT
[

log g(w) + 1

2
(ϕ− 8N log ξ − 8Nw log ν − 8Nw logµ)TT=∞

]
.

But

log g(w) = −N
{
(1− w) log(1− w) + w logw + w log w

3
+ (3− w) log[(3− w)/3]

}
,

and at T = ∞,

ν =
w

1− w
, µ =

w

3− w
, ξ = 8N(1− w)

(
1− w

3

)3
.

Hence

−F (w, T )
NkT

= −9 log 3 + 4 log 8N + 6w logw + 3(1− w) log(1− w)+

3(3− w) log(3− w)− 4 log ξ − 4w logµ− 4w log ν. (68)

Since ξ and ν can be very easily solved from (66), numerical calculations are quite
simple. The equilibrium value of w is given by (cf. (37) and (38))

0 = −3 log (1− w)(3− w)

w2 + 4 logµν. (69)

This is always satisfied at w = 3
4
*. Actual calculation shows that the absolute minimum

*This is not evident from (69) directly. But if we divide the whole crystal into four sublattices which are all
simple cubic and introduce a w for each sublattice so that Nw is the number of A atoms on the i-th sublattice
(i = 1, 2, 3, 4), it is obvious that the free energy is symmetrical in the w’s. From this we infer that (69) is satisfied
at w = 3

4
.
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of the free energy is or is not at w = 3
4

according as x ≥.2965 or x <.2965. The value of
the free energy is plotted in Fig.3. From the form of the graph it is seen that the crystal
has a critical temperature at which the long-distance order and (hence) the energy are
discontinuous. The critical temperature TC and the latent heat Q are found to be

TC = .8228
1

k

[
1

2
(VAA + VBB)− VAB

]
, Q = .8824N

[
1

2
(VAA + VBB)− VAB

]
.

In terms of the total energy change from T = 0 to T = ∞:

E0 = 3N

[
1

2
(VAA + VBB)− VAB

]
,

these quantities become

TC = 1.097E0/R, (TC = 2.19E0/R in Bragg-Williams’ approximation and
TC

∼= 1.3E0/R in Peierls’ approximation.)
Q = .2941E0, (Q = .218E0 in Bragg-Williams’ approximation and

Q ∼= .36E0 in Peierls’ approximation.)

where R stands for 4Nk.
It will be noticed that due to the lack of a free energy expression Peierls9 did not

give the exact values of these quantities.
In conclusion, the author wishes to express his thanks to Prof. J. S. Wang for

valuable criticism and advice.

Fig. 3
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