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22 o Systems of Linear Inequalities with Two

Variables —J0—RAZEANH

Review Functional Inequalities in Section 7.6. &2 7.6 TTEREAER,

Linear Programming £k #1 %I

n. ['linior 'prov. grem. in]

Definition:

Examples:

The process of writing multiple linear inequalities related to some situation and finding
the optimal value (minimum or maximum) of a linear objective function. £k Hl %l &
T8 — A FRIFE G A T A AN A5 20 IR R H e 2 ek Bl (1 20 9%
Each inequality is called a constraint. £ 5 AN X FR A AR &4
The region bounded by the graphs of the inequalities is called the feasible region. #i A
A5 2 RS B DCIRPR S m] AT 3
The objective function is called the optimization equation. It must be linear. HF5pR%L
WU ERAE
The maximum or minimum value of the optimization equation always occurs at one of
the vertices of the feasible region.  H R BREUW e AH 098 K A LE AT AT A9 — DTS L
As a tutor in English and mathematics, Bob offers two types of services. He allots 40
minutes for an English lesson and 60 minutes for a math lesson. He cannot tutor more
than 6 math lessons per day. Every day he has 10 hours available for lessons. If an
English lesson costs $ 60 and a math lesson costs $ 75,what is a combination of numbers
of English and math lessons that will maximize Bob’s income per day?
Let e be the number of English lessons and m be the number of math lessons.

e=0

JmZO

We have <

m<6

‘40e +60m <600
Our optimization equation is I(e,m) = $60e + $ 75m .from which we want to find its
maximum value.
We graph the system of equations as shown in Figure 22-1.
We find the vertices (e,m) to be (0,0),(0,6),(6,6),and (15,0).

We plug each vertex into our optimization equation,as shown in Table 22-1.
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10 & 40e+60m=<600
(0, 6) (6, 6)

513

m=6

(0,0) (15,0)
0 5 10 s 20
Figure 22-1
Table 22-1
Input (e,m) HiA Output [(e.m) = $60e+ $75m i
0,0 $0
(0,6) $ 450
(6,6) $ 810
(15,0) $ 900

We know that (15, 0) produces the maximum output. In other words, tutoring 15

English lessons per day produces the maximum income.

23 o The Three-Dimensional Space — 4E%3|H]

23.1 Introduction 43

Three-Dimensional Space =4k % |g]

n. [0ri de'menfenal spers ]

Definition: The space determined by three mutually perpendicular axes: x-axis, y-axis;and z-axis.
s ()R B = A AR B e il y Bl 2 BB E S 1]
Compared to the coordinate plane,the three-dimensional space has one extra dimension
(z-axis) »which represents the height of a plane. 5AFRFI K, =457 £ T —4
YERE Cz Bl AR —AF 1A

Many terminologies from the coordinate plane are analogues for those of the three-
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dimensional space. ALARF-1H 5 =4 % M AR 2 R IE 2L,
The three-dimensional space is shown in Figure 23-1.
Properties: 1. Each point on the three-dimensional plane can be specified by an ordered triple of
numbers.  =4EASH] AR SRR A Y —nd RN,
2. (1) The xy-plane is a plane that contains the x-axis and y-axis and is perpendicular to

the z-axis,as shown in Figure 23-2.

xy VS x WAy #5552 A L i 23-2 s

Figure 23-1 Figure 23-2

(2) The xz-plane is a plane that contains the x-axis and z-axis and is perpendicular to
the y-axis,as shown in Figure 23-3.
xz T E x BRI z B 5y R R ANIET 23-3 Bi .

(3) The yz-plane is a plane that contains the y-axis and z-axis and is perpendicular to
the x-axis,as shown in Figure 23-4.

yz P Ey WAz #, 5 x kL & 23-4 Fis.,

Figure 23-3 Figure 23-4

Coordinate Axis 42 FR%
n. [kousrdonert 'zksos |

Definition: Refer to the x-axis,the y-axis.or the z-axis. AAARHHFE x 5.y ok z 5l

Coordinate #:#%

n. [ kou'srdeneit |

Definition: Refer to the x-coordinate,the y-coordinate,or the z-coordinate. ARHRFE x Ahhn.y Ak

Frak z AR,
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The coordinates of a point are represented by an ordered triple. &> s (19 A4 b5 &8 7T LA
HEF =mHEmR,

Ordered Triple BF =t
n. ['orrded 'tripal]

Definition: The representation of the location (as a point) on the three-dimensional space. 7 JF =
JUHH 2 AR = AE s ] B AL E R IRTT I
Notation: (x, y, z),in which x represents the x-coordinate of the point, y represents the y-
coordinate of the point,and z represents the z-coordinate of the point. fE(x.y,z)H,
x AU x Aedr, y ANR Ay AR, 2 FUSR A 2 A AR,
If point A is located at (a,b,c).then we also say A has coordinates of (a.b.,c). #
A WP ETECasboe) Bl A WARFR K Casboe),
Properties: 1. Each ordered triple (a,b,c) on the coordinate plane is located in the intersection of
the planes x =a.y=b,and z=c. =450 LA RF =04 (a.b,c) WAL E
b x=a.y=b.z=c M.
2. Points along the x-axis have y-coordinate and z-coordinate equal to 0. V% x 311
KUy bR z ARBRER 0,
3. Points along the y-axis have x-coordinate and z-coordinate equal to 0. 5% y 41
HE x AAbRS z ARARYI N 0,
4. Points along the z-axis have x-coordinate and y-coordinate equal to 0. ¥ z
S x AR y ARAREIH O,
5. The origin’s has coordinates of (0,0,0). A&ARJFE 5 A AL FR A (0,0.0)
6. Figure 23-5 shows how to plot the blue point (a,b,c). z
P 23-5 JE % T ey i S A s Ca s bae) s
We first locate the point (a, b, 0) from the xy- S
plane,as shown in the gray rectangle.
BB xy P E 8 Ca s b, 00 K AL TR
We finish by moving the point (a,b,0) ¢ units up, N

as shown in the rectangle with vertices (0,0,0),
(asbs0),Casb,c)s(0,0,¢).

Rl Ca.b.0) LR ¢ M AT k8 (0,0.0) . (as by 0D x
(asb,c). 0.0, )M, Figure 23-5

Point =

n. [pomnt]

Definition: The visual representation on the three-dimensional space of an ordered triple. s NA
FP = JCZHAE =4S ) B R i

Origin  #4RE &

n. [orodzin]

Definition: The intersection of the coordinate axes. The origin has (0,0.0) as the coordinates. A&
P B A A R Al 19 52 a5 AR A5 (0,0,0)
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Intercept &R
n. [antor'sept]
Definition: The number on a coordinate axis in which the graph intersects that axis.  #H 2 +8 E1{%
5 AR ARl AH 52 B A AR R
For a graph in the three-dimensional space:
Xf TAE = A A ER A
The x-intercept is the x-coordinate of the point that the graph intersects the x-axis. At
this point,the y and z-coordinates are 0.
x B MRS x B R x e bR, TERXE by Az ARARECH O,
The y-intercept is the y-coordinate of the point that the graph intersects the y-axis. At
this point,the x and z-coordinates are 0.
y MR EIRE y fhag ffy Aebr. 7EIX AL x Flz BRI N 0.
The z-intercept is the z-coordinate of the point that the graph intersects the z-axis. At
this point,the x and y-coordinates are 0.
z R EB S 2 WA s m z AebR . TEIX A b, x Fly 24RO,
Phrases: x-intercept, y-intercept, z-intercept
Questions: What are the intercepts of the plane 5x +3y —2z =307
Answers: To find the x-intercept,set y and z to 0.
5x +300) —2(0) =30
5x =30
x=6. The x-intercept is 6.
To find the y-intercept,set x and z to O:
5(0) +3y —2(0) =30
3y=30
y=10. The y-intercept is 10.
To find the z-intercept,set x and y to O:
5(0) +3(0) —2z=30
—-2z=30
z= —15. The z-intercept is —15.

23.2 Formulas 2%

Midpoint Formula H a2

n. ['mid,point formjolo]

Definition: Given two points A and B,the Midpoint Formula gives the midpoint of AB. 154
25 S a5 A B ZR BERY L
Notation: Suppose point A has the coordinates (x,,y,,z,) and point B has the coordinates (x,,
X1 tx, ywty, z:tz,
2 7 2 72
Properties: 1. Note that the x,y and z coordinates of M are independent of each other. 18 15

V2 s2,),the Midpoint Formula is M = ( ) ,for which AM = BM.
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2. Switching points (x;:y,,z;) and (x,,y,,2z,) leads to the same result. This is due to
the Commutative Property of Addition.  H3 4§ fil i 28 #e L 2P0 o B 8 )5 AR A A K
SR IE
Questions: What is the coordinates of the midpoint of AB for cach of the following if:
(1) A=(5,9,4) and B=(3,1,8)
2) A=(-7,-2,-10) and B=(—-11,-16, -4

5+3 9+1 4+8)
Answers: (1)( 5 g )—(4,5,6).
~7+(-11) -2+(-16) —10+ (-4 _
@ ; , 5 , 5 )=(=9.-9.-7.

Distance Formula BEE 23k

n. ['distens formjols ]

Definition: Given two points A and B.,the Distance Formula gives the length of AB. FEEARX%
Hh 3 RO P R R B K

Notation: Suppose point A has coordinates (x,,y;,z,) and point B has coordinates (x,,y,,2,),

the Distance Formula is ./(x, —x;)*+ (y, — y;)*+(z, — z,)*. Sometimes it is also

written in+/(Ax)* + (Ay)® + (Az)” ,for which Ax denotes the change in x,Ay denotes
the change in y, and Az denotes the change in z. All of Ax, Ay, and Az are
nonnegative.
Properties: 1. This formula is based on applying Pythagorean Theorem several times. X2 IR
T2 as ) e B .
For two points A =(x,,y,,2z,) and B=(x;,y,,
z,) on the xyz-plane,we can construct a rectangular
prism for which AB is the long diagonal,as shown
in Figure 23-6.
i xyz IR A S B 2R ENTRIIEE 6
i — TR AB DR L I 23-6 FiR .

If exactly one of the coordinates are the same in A

and B,then the rectangular prism degenerates into

a rectangle. This reduces to the Pythagorean

Theorem on a two-dimensional plane. Figure 23-6

i A5 BRI — A A AR A [R] L U T AR 1

RO . BEES AT ) e BOR

If exactly two of the coordinates are the same in A and B,then the rectangular prism
degenerates into a line segment parallel to the third axis. The distance is simply the
difference between the third coordinate.

A A5 B IR AR AR A T IR AL AT TR A AR R 2k B, BRSO
AR 22
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If all three of the coordinates are the same in A and B.then the rectangular prism

degenerates into a point,from which the distance is 0.

A 5B T AR TE W T5 IR A — A AL R 0.

As shown in Figure 23-7,we know that AB’ =
AD* + BD?, which is AB* = AD* + (Az)”. By
Pythagorean Theorem, AD* = (Ax)* + (Ay)*.

Therefore, AB> = AD* + (Az)* = (Ax)* + (Ay)* +

(Az)?,from which AB=./(Ax)* + (Ay)® + (Az)* .
2. Switching points (x,,y,,z,) and (x,, V5 2z,)

leads to the same result. This is due to the fact

that the squares of a number and its opposite are equal: a” = (—a)*.
A AR S P — A O 5 A R 7 O R AR

Note that the following formulas are equivalent.

DENAEE X

AB=/(x, = x )"+ (y, =y +(z,—z)°
AB=/lx,—x; "+ ly, =y [+ 1z, — 2, "
AB =./(Ax)* + (Ay)* + (Az)*.

Questions: What is the distance for each of the following pairs of points?

(1) (1,3,8) and (2,6,3)
(2) (7597394) and (5778972)

B(xp, y2, 22)
1
E Az
I
/}_ _____ - ==l D(x29 Va2, Zl)
o i ] o
Ay, y1, 21) Ay C(xy, ¥2. 21)
Figure 23-7
5 E S AR

Answers: (1) /(2-1)*+(6-3)*+(3-8)* =

1" +3°+(-5)7% =.35.

(2) J(B=(=5))"+(=8-(=3N*+(-2-4)° =

23.3 Planes ¥
Equation of a Plane FHERFER

Definition: The equation ax + by + ¢z = d ,for which a.b.c,and d are constants.

Properties: 1. Special cases of a,b,and c:

(1) If a and b are both 0,then we have cz=d,or z=d/c.

10°+(=5)°+(-6)° =./161.

In other words, z is a constant. This is a plane perpendicular to the z-axis.

Va5 R0 EGHEMNERE cz=d Bz=d/c,.Bl z HFTF—DEE, XFH

5 z B
(2)

If a and ¢ are both 0.then we have by=d.or y=d/b.

In other words, y is a constant. This is a plane perpendicular to the y-axis.

Ba e ¥R o, HHRMERRE by=d Hy=d/b. 0 y FF—THE. X4F

Mms y #haEE,

(3) If b and ¢ are both 0,then we have ax=d,or x=d/a.

In other words, x is a constant. This is a plane perpendicular to the x-axis.

BbHcHHOMERNEXE ax=d Bx=d/a. .0 x FF—THE., XHF

455
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5 x il
2. Equation of planes that contain two coordinate axes:
A, 5 T 2% A o Al 0 - T A AR
(1) Equation of the xy-plane: z=0. (a,b,d=0,c#0)
(2) Equation of the xz-plane: y=0. (a,c,d=0,b7#0)
(3) Equation of the yz-plane: x=0. (b,c,d =0,a#0)
3. We can graph planes by intercepts:

AP AR I T

d . d
To graph ax + by + cz = d ,note the x-intercept is ;,the y-intercept is F,and the z-

intercept is —.
c

d d .
Locate the points (ai,0,0), (0,F,O>, and (0,0,?> and draw a plane passing

through these three points. Note that three non-collinear points determine a plane.
. e oy A N N
R ax + by +cz=d H.x %ﬁkﬂﬁjﬂ;,y %ﬁﬂﬁjﬂgyz éﬂzﬁﬁjﬂ?o

?sz;ﬁ(ai,o,o) ‘(0,%,0) \(0,0,%) o B — A~ 3 i =
SHETE TR R AR R —

4. Coming up with an equation for a plane requires
cross product of vectors, which will be covered in o 5
college calculus. >R HF i oY 55 50 77 22 21 1) & 0 i
L, X 2 TR R SRR PR 5 -2

Examples: To graph the plane 12x + 15y + 20z = 60, we locate the 3
points (5,0,0), (0,4,0),and (0,0,3), then draw a ~*

plane connecting these points.as shown in Figure 23-8.

y

12x+15y+20z=60

Figure 23-8

23.4 Systems of Linear Equations with Three Unknowns
=En—XRAE4
Warning: Solving system of linear equations with three or more unknowns by graphing or
substitution is extremely cumbersome. We will skip it and stick to elimination in
the future.
i T PR s AR AT DT i = LR 20— WO R RS A T — 2 Z WX PR 7
VA T IO Tk . B A2 T E

Solving Systems of Linear Equations with Three Unknowns by Elimination g i# T &

Definition: This is based on Solving Systems of Linear Equations with Two Unknowns by
Elimination. f# = 50— J5 B2 2 #Y st i1 7o ¥ JE T — o0 — W07 B2 B NI oo i .

Properties: Suppose you have a system of three linear equations: Equations A,B,and C. {RiIZILE
fA=Jn—WIifedl. it A.B.C.



