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1.1 w�M"!I

1.1.1 uX-^Gfh�d'l�M� O, R O ux�S�[j�^	T!�z=b��n"	54�Nr�S x4� y 4u z 4�_[u Gf8. \S� x 4u y 4J*�7Q*�� z 4��["���K'	�7�Awk(j���Rk(�< z 4��=R($s x 4	��?n π

2
4!�$� y 4	����4X	4$	$�u z 4	�� (
 1.1). �GP/��d'"4T9
�[u Oxyz -^Gfh, � O [uHT9
	 ��.

�[T94-	&�[`Rp�MRQ*�[u Gf�. h x 4u y 4p�	T9*[u Oxy Q*��k�RT9*[u Oyz *u Ozx *��RT9*�d'>\�RB>�[u�RU��z
 1.2I��� Oxy *�7=b� Oyz*^7� Ozx *k7	8RU�[u��U��� Oxy *�7�A��7�Nru��	�
��U��� Oxy *�7q��	�
��U��&	Nr!��
�Æ��U� (
 1.2).



2 � 1 1 nG�2 1��_y^
 M !d'M��n� M S�RQ*>;n"m x 4� y 4u z 4=q��RT94>;3m� P , Q u R(
 1.3). 
� P , Q u R ��RT94�	T9>;u x, y u z, �G�d'	M� M PtMÆp��MRj:5O x, y,

z. 4np�&T�	j:5O x, y, z, ��RT94�>;lT9u x, y, z 	� P , Q, R, �n� P , Q, R SQ*>;n"m x 4� y 4� z 4���RQ*	3� M P!hj:5O x, y, z ItMp�	���G�d'	� M qj:5O x, y, z  'P/��MM&`	f
�[ x, y, z u� M 	 Gf, Nr[ x,

y, z u� M 	 �Gf � DGf u ?Gf, =�� M �S M(x, y, z).


 M1(x1, y1, z1) u M2(x2, y2, z2) !d'���n M1, M2 >;Sn"m�RT94	Q*���RQ*s\MRR M1M2 u&4�	T7X (
 1.4), Sv	T!>;u
|x2 − x1|, |y2 − y1|, |z2 − z1|.UT^b�x�&4� M1M2 	T!��d'�� M1, M2 	Vwu

d(M1,M2) = |M1M2| =
√

(x2 − x1)2 + (y2 − y1)2 + (z2 − z1)2.R;Æ�� M(x, y, z) qT9x� O(0, 0, 0) 	Vwu
d(O,M) = |OM | =

√
x2 + y2 + z2.{ 1.1.1 ) z H���� M , "<��� A(−4, 1, 7) [ B(3, 5,−2) �%;j��
 [uIh	�� z 4��IR
H�u M(0, 0, z), hVVj |MA| =

|MB|, �
√

(−4)2 + 12 + (7 − z)2 =
√

32 + 52 + (−2 − z)2.�5Q7�>� z =
14

9
. m!Ih�u M

(
0, 0,

14

9

)
.
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1.1.2 u��+���O� ~V���'\S�t��1?^u.	��Mu!&jy#	��~z�'�{!�,��X����1�[u�� Æ9���Mu!�jy#lj7�	��~z���!�#�!���1�[u u� Æ�����\SfxX#)H5p:��z a, b, v, i ��()�J`Rf�7#-a	H5p:��z ⇀
a ,

⇀

b ,
⇀
v ,

⇀
i ��5>�ppfMRj7�	�$p:����zm�$	X�! M0, 0�! M , 8$�Rj��$�u −−−−−⇀

M0M , K:�MR����$	T!:���	y#��$	7�:���	7��uR�P�~V	77��'&��u:�K	j��$?#j>���	y#[u��	 �, �� a 	1�u |a|. 1uÆ	��[u �u�,�u 0, j�Æ��	7�!uV	�1u 1 	��[u �\u�.zm�R�� au b	1���7��^��[��R��r
,�u a = b.�:-�zm�R��	y#q7�!�^	�8$?�K'	X�!?�^��'PvuK'!^M����G	��[u��u�, -.IP�	���!Gh���zm�� a q b ^7�Æ�47��[�� a q b �|, �u a//b. hmÆ��	7�!uV	�
`vuÆ��quv���Q1��"4T9
-�RT9x� O uX��R� M u0�	�� −−−⇀
OM [u� M fm� O 	 uj, Sf r :��� r =

−−−⇀
OM . d'	&M��&`DMR�M −−−⇀

OM , 4np�&R�M −−−⇀
OM �uK	0� M �&`�

1.1.3 u��p} H
1. ��	#1
j�R?Q1	�� a u b, ulM� M , S −−−⇀

MA= a,
−−−⇀
MB= b, R MA,

MB u
5	Q1=5/MACB 	&4�u MC(
 1.5), ��� −−−⇀
MC= c [u�� a q b 	 9, �u c = a + b.

�R�Y��#1	j�[u��#1	 �|Ed{�$. �R1�%j&�RQ1��	#1#R�Y�uq�'�TfMR$o�Q1=5/1�	#1�Y�
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j�R�� a u b, ulM� M , S −−−⇀
MA= a, �R A uX��S −−−⇀

AC = b,�8 MC, ��� −−−⇀
MC= c [u�� a q b 	 9, �u c = a + b(
 1.6).�Rj�[u��#1	 2^{�$.��	#1"Lz��Bj��

(1) 3�� a + b = b + a;

(2) =w� (a + b) + c = a + (b + c).

2. ��q5	^1&uV�5 λ u�� a, �Y λ q a 	^�!MR����u λa, K	1u7�j�z��
(1) |λa| = |λ| · |a|;
(2) � λ > 0 �� λa q a ^7��� λ < 0 �� λa q a 47��� λ = 0�� λa = 0.��q5	^1�Bl[u��	 �x.�v"g�� λa !q a Q1	���&!� a �F� λ * (
 1.7).

d 1.7��	5^"Lz��Bj��
(1) >J� (λ+ µ)a = λa + µa, λ(a + b) = λa + λb;

(2) =w� λ(µa) = µ(λa) = (λµ)a.U- a u b !uV��� λ u µ !uV�5�&m<Æ�� a, f ea :�q a ^7�	�z���h��	5^�Yj
a = |a|ea Æ ea =

a

|a| .�uv<Æ��`R:�uK	1q^7��z��	5^��y 1.1.1 ��mF a � b, | a 6= 0, , a//b �z�F	&�)!1 λ," b = λa.,� 3I2 
 b//a, ~ b = 0, �l λ = 0, j b = 0 = 0a = λa. ~
b 6= 0, � b q a ^7�� eb = ea, l λ =

|b|
|a| , j

λa =
|b|
|a| a = |b|ea = |b|eb = b.^G	�� b q a 47���l λ = − |b|

|a| , j b = λa.



1.1 nGtu'; 5d>2 ~ b = λa, h5^	�Y� b//a. �}f��	#1u5^�`R�Y��	)1�&m�� b, [ (−1)b u b 	 *u�, �S −b. �� a q b 	 r j�u
a − b = a + (−b).~0�� a u b 	X�2w��s�� b 	0���� a 	0�I^	��P! a − b(
 1.8).

d 1.8��	#1u��	5^_[u��	 p} H.{ 1.1.2 7_�ÆuEYC��Bh (CWh) rv���Y�tp"����Yp"��M (L 1.9).,� � △ABC -�
 AD = DB, AE = EC, h��	�2�B1�j
−−−⇀
DE=

−−−⇀
AE −

−−−⇀
AD,

−−−⇀
BC =

−−−⇀
AC −

−−−⇀
AB

= 2
−−−⇀
AE −2

−−−⇀
AD

= 2(
−−−⇀
AE −

−−−⇀
AD )

= 2
−−−⇀
DE,[q −−−⇀

DE //
−−−⇀
BC , b |

−−−⇀
DE | =

1

2
|
−−−⇀
BC |. �

1.1.4 u��Gf
1. ��	T9u�/���q5	�
��'���;�"4T9
-#RP���Y��	T9�s-���qj:5O&`Xp��d'"4T9
-�� i, j,k >;!q x 4� y 4� z 4^7�	�z���[u Oxyz T9
�	 B`�\u�.
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 a =
−−−−−⇀
M1M2 !d'"4T9
-	MR���UX�u0�	T9u M1(x1, y1, z1) u

M2(x2, y2, z2). R M1M2 u&4�SMRSv>;Q1m�RT94	T7X (
 1.10), j
a =

−−−−−⇀
M1M2=

−−−−⇀
M1P +

−−−−⇀
PN +

−−−−⇀
NM2

=
−−−−⇀
M1P +

−−−−⇀
M1Q +

−−−−⇀
M1R,h��quK^7�	�z��	f
�

−−−−⇀
M1P= (x2 − x1)i,

−−−−⇀
M1Q= (y2 − y1)j,

−−−−⇀
M1R= (z2 − z1)k,>;[ x2 − x1, y2 − y1, z2 − z1 u�� a � x 4� y 4� z 4�	 S�, =�u

x2 − x1 = ax, y2 − y1 = ay, z2 − z1 = az,�
a = (x2 − x1)i + (y2 − y1)j + (z2 − z1)k

= axi + ayj + azk[u�� a ��-�z��	>>:���U- axi, ayj, azk >;[u�� a� x 4� y 4� z 4�	 %u�.[j:5O ax, ay, az u�� a 	 Gf, =��� a �u
a = (ax, ay, az).��[u�� a 	 Gfg98.R;Æ�sx�� M(x, y, z) 	�M

r =
−−−−⇀
OM = xi + yj + zk = (x, y, z),�zm��	X�uT9x��8$�R��	T9qK	0�	T9!M)	�hq`��&R���tMÆp�MRj:5O�4np�&MRj:5O�>tMÆp�MR�M�-�'P�	!Gh���[-&MRj:5O�>tMÆp�MR����G��uK	T9P!MM&`	���	T9:��f	!ylt��q�	T9:��^��'s��|!ySj;K'	�
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2. ��	1�7�n�	T9:�
�� a =
−−−−−⇀
M1M2= (ax, ay, az), UX�u0�	T9u M1(x1, y1, z1) u

M2(x2, y2, z2), hd'��Vw\��� a 	1
|a| = |

−−−−−⇀
M1M2 | =

√
(x2 − x1)2 + (y2 − y1)2 + (z2 − z1)2,-

ax = x2 − x1, ay = y2 − y1, az = z2 − z1,m!�
|a| =

√
a2
x + a2

y + a2
z. (1.1.1)<Æ�� a q x 4� y 4� z 4�7� '	!4 α, β, γ [u a 	7�4

(j� 0 6 α 6 π, 0 6 β 6 π, 0 6 γ 6 π), 7�4	n� cosα, cos β, cos γ [u a 	 u�l. h
 1.10 �
ax = |

−−−−−⇀
M1M2 | cosα = |a| cosα,

ay = |
−−−−−⇀
M1M2 | cosβ = |a| cosβ, (1.1.2)

az = |
−−−−−⇀
M1M2 | cos γ = |a| cosγ.�

cosα =
ax
|a| =

ax√
a2
x + a2

y + a2
z

,

cosβ =
ay
|a| =

ay√
a2
x + a2

y + a2
z

, (1.1.3)

cos γ =
az
|a| =

az√
a2
x + a2

y + a2
z

.� a 	T9Tf��h� (1.1.1) u (1.1.3) `Rp�K	1u7�4 (�y#u7�); 4np�� a	1u7�4P���h� (1.1.2)`Rp�K	T9�ySE�7�n�"Lz�	f
��
cos2 α+ cos2 β + cos2 γ = 1.q<Æ�� a ^7�	�z��	T9:��u
ea =

a

|a| =
1

|a| (ax, ay, az)

= (cosα, cos β, cos γ),



8 � 1 1 nG�2 1��_y^� (cosα, cosβ, cos γ) !q�� a ^7�	�z���{ 1.1.3 	8E� M1(2, 2,
√

2) [ M2(1, 3, 0), �mF −−−−−⇀
M1M2 �`�0m�e[0mÆ�
 −−−−−⇀

M1M2= (1 − 2, 3 − 2, 0 −
√

2) = (−1, 1,−
√

2),

|
−−−−−⇀
M1M2 | =

√
(−1)2 + 12 + (−

√
2)2 = 2,

cosα = − 1

2
, cosβ =

1

2
, cos γ = −

√
2

2
,

α =
2π

3
, β =

π

3
, γ =

3π

4
.{ 1.1.4 �� M W��*[g�m −−−−⇀

OM � y H� z H��Æ��U
π

3
[ π

4
, | |

−−−−⇀
OM | = 8, �� M �Z\�
 h β =
π

3
, γ =

π

4
u cos2 α+ cos2 β + cos2 γ = 1 �

cos2 α = 1 −
(

1

2

)2

−
( √

2

2

)2

=
1

4
,l� M ��.U�� cosα < 0, IR

cosα = − 1

2
,m!

−−−−⇀
OM = |

−−−−⇀
OM |(cosα, cosβ, cos γ)

= 8

(
− 1

2
,

1

2
,

√
2

2

)

= (−4, 4, 4
√

2),�P!� M 	T9�
3. ���2�B	T9:�
j��

a = axi + ayj + azk = (ax, ay, az),

b = bxi + byj + bzk = (bx, by, bz),h��#1u5^	�B�j



1.1 nGtu'; 9

a ± b = (axi + ayj + azk) ± (bxi + byj + bzk)

= (ax ± bx)i + (ay ± by)j + (az ± bz)k,

λa = λ(axi + ayj + azk)

= λaxi + λayj + λazk,Æ
(a ± b) = (ax ± bx, ay ± by, az ± bz),

λa = (λax, λay, λaz).��R���#)�m&`T9�#)�5^���mf�R5^R��	SRT9�h�x 1.1.1 ��� a 6= 0 �� a//b 	dI[.! b = λa. ����	T9:���u
(bx, by, bz) = (λax, λay, λaz).[q�� a 6= 0 �� a//b 	dI[.u

bx = λax, by = λay, bz = λaz,Æ)\
bx
ax

=
by
ay

=
bz
az

= λ,� a q b 	&`T9\/~ (~ ax, ay, az -3RuÆ�����-x>u�`	>FuÆ).

1.1.5 u��xD H
1. ��	5��)���'�Y�� a q b 	!4�0 a Æ b QO�K'	X�2w�K'I�	�� '	!4 θ (0 6 θ 6 π) [u�� a q b 	 W^(
 1.11), �u

(â, b). zm (â, b) =
π

2
, �[�� a q b }-, �u a ⊥ b.



10 � 1 1 nG�2 1��_y^zm3�X�k� F 	Sf�D"�O��zO��u s, �� F IR	Zu
W = |F ||s| cos θ,U- θ = (F̂ , s)(
 1.12). hq� )Kf/��'p�Y�� aq b 	5����
 1.1.1 ��mF a [ b, θ = (â, b), S�mF a � b � ��D &�D1�~U a · b, t<U
a · b = |a||b| cos θ. (1.1.4)�R��	5��l[u��Æ=��UT5��	�Y��2~V-� FIR	ZP`R:�u W = F · s. � (1.1.4) -	[F |b| cos θ [u�� b ��� a �	`a� �u Prjab, � Prjab = |b| cos θ.� θ !|4�� Prjab ! b � a I�"��`a�$	T! (
 1.13); � θ !(4�� Prj

a
b !`a�$T!	�45�^G�[F |a| cos θ [u�� a ��� b �	`a��u Prjba, � Prjba = |a| cos θ. [q�j

a · b = |a|Prjab = |b|Prjba.5��Uj�
2,�
(1) a · a = |a|2.
(2) �� a ⊥ b 	dI[.! a · b = 0.����� a q b jMRu 0 ��=��q\��� a q b Y?u 0 ����Y� a ⊥ b 	dI[.! θ = (â, b) =

π

2
, � a · b = |a||b| cos θ = 0.5��Uj�
�Bj��

(1) 3�� a · b = b · a;

(2) >J� a · (b + c) = a · b + a · c;

(3) =w� (λa) · b = a · (λb) = λ(a · b) (λ u�5).�*f�5��	T9:���

a = axi + ayj + azk = (ax, ay, az),

b = bxi + byj + bzk = (bx, by, bz).h5��	�Bj�j


